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∣∣∣
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∣∣∣
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∫ ∞

0

dt
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∂x2
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dt
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∫ ∞

0

dt

[
G2
∂G1

∂x
−G1

∂G2

∂x

]l

0

= 0
C. S. Wu 1�8ù Green¼ê(�)



Green Function of Helmholtz Eq ...
Green Functions for Time-Dependent Problems

Formulation
Symmetric Property
Solution Expressed in terms of Green Function
How to Find the Green Function
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k.u�ÅÄ¯K

∂2u(x, t)

∂t2
− a2∂

2u(x, t)

∂x2
= f(x, t) 0 < x < l, t > 0

u(x, t)
∣∣
x=0

= µ(t) u(x, t)
∣∣
x=l

= ν(t) t > 0

u(x, t)
∣∣
t=0

= φ(x)
∂u(x, t)

∂t

∣∣∣
t=0

= ψ(x) 0 < x < l

�A�Green¼êG = G(x, t;x′, t′)

∂2G

∂t2
−a2∂

2G

∂x2
=δ(x−x′)δ(t−t′) 0<x, x′<l, t, t′>0

G
∣∣
x=0

= 0 G
∣∣
x=l

= 0 t, t′ > 0

G
∣∣
t<t′

= 0
∂G

∂t

∣∣∣
t<t′

= 0 0 < x, x′ < l
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∣∣
x=0

= µ(t) u(x, t)
∣∣
x=l

= ν(t) t > 0

u(x, t)
∣∣
t=0

= φ(x)
∂u(x, t)

∂t

∣∣∣
t=0

= ψ(x) 0 < x < l

�A�Green¼êG = G(x, t;x′, t′)

∂2G

∂t2
−a2∂

2G

∂x2
=δ(x−x′)δ(t−t′) 0<x, x′<l, t, t′>0

G
∣∣
x=0

= 0 G
∣∣
x=l
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∣∣∣
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∂(−t′)2−a
2 ∂2
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2|^Green¼ê�é¡5G(x′,−t′;x,−t) =
G(x, t;x′, t′)§òþã½)¯KU��[
∂2

∂t′2
−a2 ∂2

∂x′2
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G(x, t;x′, t′)=δ(x−x′)δ(t−t′)
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1nÚ§ò�§

∂2u(x′, t′)

∂t′2
− a2∂

2u(x′, t′)

∂x′2
= f(x′, t′)[

∂2

∂t′2
−a2 ∂2

∂x′2

]
G(x, t;x′, t′)=δ(x−x′)δ(t−t′)

���¦§�~§2È©
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∫ l

0

dx′
∫ ∞

0

[
G
∂2u(x′, t′)

∂t′2
− u(x′, t′)

∂2G

∂t′2

]
dt′

− a2

∫ ∞

0

dt′
∫ l

0

[
G
∂2u(x′, t′)

∂x′2
− u(x′, t′)

∂2G

∂x′2

]
dx′

=

∫ l

0

dx′
∫ ∞

0

G(x, t;x′, t′)f(x′, t′)dt′

−
∫ l

0

dx′
∫ ∞

0

u(x′, t′)δ(x− x′)δ(t− t′)dt′
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u(x, t) =

∫ l

0

dx′
∫ ∞

0

G(x, t;x′, t′)f(x′, t′)dt′

−
∫ l

0

dx′
∫ ∞

0

[
G
∂2u(x′, t′)

∂t′2
−u(x′, t′)∂

2G

∂t′2

]
dt′

+ a2

∫ ∞

0

dt′
∫ l

0

[
G
∂2u(x′,t′)

∂x′2
−u(x′,t′)∂

2G

∂x′2

]
dx′
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1oÚ§�\>.^�ÚÐ©^�§z{

mà1��∫ l

0

dx′
∫ ∞

0

G(x, t;x′, t′)f(x′, t′)dt′

=

∫ l

0

dx′
∫ t

0

G(x, t;x′, t′)f(x′, t′)dt′
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mà1��∫ l

0

dx′
∫ ∞

0

[
G
∂2u(x′, t′)

∂t′2
− u(x′, t′)

∂2G

∂t′2

]
dt′

=

∫ l

0

dx′
[
G
∂u(x′, t′)

∂t′
− u(x′, t′)

∂G

∂t′

]∞
t′=0

= −
∫ l

0

[
ψ(x′)G

∣∣
t′=0

− φ(x′)
∂G

∂t′

∣∣∣∣
t′=0

]
dx′
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mà1��∫ l

0

dx′
∫ ∞

0

[
G
∂2u(x′, t′)

∂t′2
− u(x′, t′)

∂2G

∂t′2

]
dt′

=

∫ l

0

dx′
[
G
∂u(x′, t′)

∂t′
− u(x′, t′)

∂G

∂t′

]∞
t′=0

= −
∫ l

0

[
ψ(x′)G

∣∣
t′=0

− φ(x′)
∂G

∂t′

∣∣∣∣
t′=0

]
dx′
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mà1��∫ l

0

dx′
∫ ∞

0

[
G
∂2u(x′, t′)

∂t′2
− u(x′, t′)

∂2G
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]
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0

dx′
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G
∂u(x′, t′)

∂t′
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∣∣∣∣
t′=0

]
dx′
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mà1n�∫ ∞

0

dt′
∫ l

0

[
G
∂2u(x′, t′)

∂x′2
− u(x′, t′)

∂2G

∂x′2

]
dx′

=

∫ ∞

0

dt′
[
G
∂u(x′, t′)

∂x′
− u(x′, t′)

∂G

∂x′

]l

0

= −
∫ ∞

0

[
ν(t′)

∂G

∂x′

∣∣∣∣
x′=l

− µ(t′)
∂G

∂x′

∣∣∣∣
x′=0

]
dt′

= −
∫ t

0

[
ν(t′)

∂G

∂x′

∣∣∣∣
x′=l

− µ(t′)
∂G

∂x′

∣∣∣∣
x′=0
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dt′
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∂x′

]l

0

= −
∫ ∞

0

[
ν(t′)

∂G
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∂x′
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∂x′

∣∣∣∣
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��Ò��

u(x, t) =

∫ l

0

dx′
∫ t

0

G(x, t;x′, t′)f(x′, t′)dt′

+

∫ l

0

[
ψ(x′)G

∣∣
t′=0

− φ(x′)
∂G

∂t′

∣∣∣∣
t′=0

]
dx′

− a2

∫ t

0

[
ν(t′)

∂G

∂x′

∣∣∣∣
x′=l

− µ(t′)
∂G

∂x′

∣∣∣∣
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dt′
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ùÇ�:

1 �SPoisson�§1�>�¯K�Green¼ê
©lCþ{

>�{

2 ¹�¯K�Green¼ê
J{µ½)¯K
é¡5

¹�¯K�Green¼ê){
Green¼ê�¦{
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~16.1 ¦)k.uÅÄ¯K�Green¼ê[
∂2

∂t2
− a2 ∂

2

∂x2

]
G(x, t;x′, t′) = δ(x− x′)δ(t− t′)

0 < x, x′ < l, t, t′ > 0

G(x, t;x′, t′)
∣∣
x=0

= 0 G(x, t;x′, t′)
∣∣
x=l

= 0

t, t′ > 0

G(x, t;x′, t′)
∣∣
t<t′

= 0
∂G(x, t;x′, t′)

∂t

∣∣∣
t<t′

= 0

0 < x, x′ < l
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U�Aàg¯K���¼êÐm

G(x, t;x′, t′) =
∞∑

n=1

Tn(t) sin
nπ

l
x

Ó�§òδ¼ê�UT|��¼êÐm

δ(x− x′) =
2

l

∞∑
n=1

sin
nπ

l
x′ sin

nπ

l
x

u´§Tn(t)Ò÷v~�©�§�Ð�¯K

T ′′(t) +
(nπa

l

)2

Tn(t) =
2

l
sin

nπ

l
x′δ(t− t′)

Tn(t < t′) = 0 T ′
n(t < t′) = 0

C. S. Wu 1�8ù Green¼ê(�)



Green Function of Helmholtz Eq ...
Green Functions for Time-Dependent Problems

Formulation
Symmetric Property
Solution Expressed in terms of Green Function
How to Find the Green Function

U�Aàg¯K���¼êÐm

G(x, t;x′, t′) =
∞∑

n=1

Tn(t) sin
nπ

l
x

Ó�§òδ¼ê�UT|��¼êÐm

δ(x− x′) =
2

l

∞∑
n=1

sin
nπ

l
x′ sin

nπ

l
x

u´§Tn(t)Ò÷v~�©�§�Ð�¯K

T ′′(t) +
(nπa

l

)2

Tn(t) =
2

l
sin

nπ

l
x′δ(t− t′)

Tn(t < t′) = 0 T ′
n(t < t′) = 0

C. S. Wu 1�8ù Green¼ê(�)



Green Function of Helmholtz Eq ...
Green Functions for Time-Dependent Problems

Formulation
Symmetric Property
Solution Expressed in terms of Green Function
How to Find the Green Function

U�Aàg¯K���¼êÐm

G(x, t;x′, t′) =
∞∑

n=1

Tn(t) sin
nπ

l
x

Ó�§òδ¼ê�UT|��¼êÐm

δ(x− x′) =
2

l

∞∑
n=1

sin
nπ

l
x′ sin

nπ

l
x

u´§Tn(t)Ò÷v~�©�§�Ð�¯K

T ′′(t) +
(nπa

l

)2

Tn(t) =
2

l
sin

nπ

l
x′δ(t− t′)

Tn(t < t′) = 0 T ′
n(t < t′) = 0

C. S. Wu 1�8ù Green¼ê(�)



Green Function of Helmholtz Eq ...
Green Functions for Time-Dependent Problems

Formulation
Symmetric Property
Solution Expressed in terms of Green Function
How to Find the Green Function

)�=�

Tn(t) =
2

nπa
sin

nπ

l
x′ sin

nπ

l
a(t− t′) η(t− t′)

¤±§Green¼êG(x, t;x′, t′)Ò´

G(x, t;x′, t′)

=
2

πa

∞∑
n=1

1

n
sin

nπ

l
x′ sin

nπ

l
x sin

nπ

l
a(t−t′)η(t−t′)
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~16.2 ¦)n�Ã.�mÅÄ¯K�Green¼ê

[
∂2

∂t2
− a2∇2

]
G(r, t; r′, t′) = δ(r − r′)δ(t− t′)

t, t′ > 0

G(r, t; r′, t′)
∣∣
t<t′

= 0
∂G(r, t; r′, t′)

∂t

∣∣∣
t<t′

= 0

0 < x, x′ < l
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�FourierC�

g(r, ω; r′, t′) =
1√
2π

∫ ∞

−∞
G(r, t; r′, t′) eiωt dt

u´½)¯KÒz�[
(−iω)2 − a2∇2

]
g(r, ω; r′, t′) =

1√
2π

eiωt′ δ(r − r′)

=[
∇2 +

(ω
a

)2 ]
g(r, ω; r′, t′) = − 1√

2πa2
eiωt′ δ(r − r′)
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�Green¼ê)

g(r, ω; r′, t′) =
1√

2πa2
eiωt′ 1

4π|r − r′|
ei(ω/a)|r−r′|

C. S. Wu 1�8ù Green¼ê(�)



Green Function of Helmholtz Eq ...
Green Functions for Time-Dependent Problems

Formulation
Symmetric Property
Solution Expressed in terms of Green Function
How to Find the Green Function
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G(r, t; r′, t′) =
1√
2π

∫ ∞

−∞
g(r, ω; r′, t′)e−iωtdω
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1

|r−r′|
1

2π

∫ ∞

−∞
e−iω(t−t′) · ei(ω/a)|r−r′|dω
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4πa2

1

|r − r′|
δ

(
|r − r′|

a
− (t− t′)

)
=

1

4πa

1

|r − r′|
δ (|r − r′| − a(t− t′))
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