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Definition

�LÚM�½Â3�½¼ê�mS�(�©)�
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(v, Lu) = (Mv, u)
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v∗Ludx =
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(Mv)∗udx
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~13.1 L =
d

dx∫ b

a

v∗
du

dx
dx = v∗u

∣∣∣b
a
−

∫ b

a

dv∗

dx
udx

¤±§�uÚvÑ÷v>.^�

y(a) = y(b)

�§
d

dx
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v∗Mudx =
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(Mu)∗vdx

]∗
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u∗Lvdx

]∗
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(Lv)∗udx
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dx2
dx =
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a
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(d2v
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)∗
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′(a) = 0 α2y(b+ β2y
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(Ù¥ |α1|2 + |β1|2 6= 0, |α2|2 + |β2|2 6= 0)

¼êuÚv÷v±Ï^�

y(a) = y(b) y′(a) = y′(b)

C. S. Wu 1�nù ©lCþ{o(



Eigenproblem of Sturm-Liouville Eqn
Method of Separation of Variables . . .

Eigenproblem of Self-Adjiont Operators
Eigenproblem of Sturm-Liouville Eqn
Degeneration in Eigenproblem of S-L Eqn

Þ~

�o^�e
[
v∗u′ − (v∗)′u

]b

a
= 0º

¼êuÚv÷v�!�!na>.^�

α1y(a) + β1y
′(a) = 0 α2y(b+ β2y

′(b) = 0

(Ù¥ |α1|2 + |β1|2 6= 0, |α2|2 + |β2|2 6= 0)

¼êuÚv÷v±Ï^�

y(a) = y(b) y′(a) = y′(b)

C. S. Wu 1�nù ©lCþ{o(



Eigenproblem of Sturm-Liouville Eqn
Method of Separation of Variables . . .

Eigenproblem of Self-Adjiont Operators
Eigenproblem of Sturm-Liouville Eqn
Degeneration in Eigenproblem of S-L Eqn

Þ~

�o^�e
[
v∗u′ − (v∗)′u

]b

a
= 0º

¼êuÚv÷v�!�!na>.^�

α1y(a) + β1y
′(a) = 0 α2y(b+ β2y

′(b) = 0

(Ù¥ |α1|2 + |β1|2 6= 0, |α2|2 + |β2|2 6= 0)

¼êuÚv÷v±Ï^�

y(a) = y(b) y′(a) = y′(b)

C. S. Wu 1�nù ©lCþ{o(



Eigenproblem of Sturm-Liouville Eqn
Method of Separation of Variables . . .

Eigenproblem of Self-Adjiont Operators
Eigenproblem of Sturm-Liouville Eqn
Degeneration in Eigenproblem of S-L Eqn

g��Î

Definition

e�ÎL���ÎÒ´§g�§=éuT¼ê�
mS�?¿ü�¼êuÚv§ðk

(v, Lu) = (Lv, u)

= ∫ b

a

v∗Ludx =

∫ b

a

(Lv)∗udx

K¡L´g��Î

C. S. Wu 1�nù ©lCþ{o(



Eigenproblem of Sturm-Liouville Eqn
Method of Separation of Variables . . .

Eigenproblem of Self-Adjiont Operators
Eigenproblem of Sturm-Liouville Eqn
Degeneration in Eigenproblem of S-L Eqn

Þ~

~13.3 L = i
d

dx∫ b

a

v∗
(

i
du

dx

)
dx = iv∗u

∣∣∣b
a
− i

∫ b

a

dv∗

dx
udx

�uÚvÑ÷vÚ~13.1Ó��>.^�
y(a) = y(b)�∫ b

a

v∗
(

i
du

dx

)
dx =

∫ b

a

[
d(iv)

dx

]∗
udx

¤±i
d

dx
´g��Î

C. S. Wu 1�nù ©lCþ{o(



Eigenproblem of Sturm-Liouville Eqn
Method of Separation of Variables . . .

Eigenproblem of Self-Adjiont Operators
Eigenproblem of Sturm-Liouville Eqn
Degeneration in Eigenproblem of S-L Eqn

Þ~

~13.3 L = i
d

dx∫ b

a

v∗
(

i
du

dx

)
dx = iv∗u

∣∣∣b
a
− i

∫ b

a

dv∗

dx
udx

�uÚvÑ÷vÚ~13.1Ó��>.^�
y(a) = y(b)�∫ b

a

v∗
(

i
du

dx

)
dx =

∫ b

a

[
d(iv)

dx

]∗
udx

¤±i
d

dx
´g��Î

C. S. Wu 1�nù ©lCþ{o(



Eigenproblem of Sturm-Liouville Eqn
Method of Separation of Variables . . .

Eigenproblem of Self-Adjiont Operators
Eigenproblem of Sturm-Liouville Eqn
Degeneration in Eigenproblem of S-L Eqn

Þ~

~13.3 L = i
d

dx∫ b

a

v∗
(

i
du

dx

)
dx = iv∗u

∣∣∣b
a
− i

∫ b

a

dv∗

dx
udx

�uÚvÑ÷vÚ~13.1Ó��>.^�
y(a) = y(b)�∫ b

a

v∗
(

i
du

dx

)
dx =

∫ b

a

[
d(iv)

dx

]∗
udx

¤±i
d

dx
´g��Î

C. S. Wu 1�nù ©lCþ{o(



Eigenproblem of Sturm-Liouville Eqn
Method of Separation of Variables . . .

Eigenproblem of Self-Adjiont Operators
Eigenproblem of Sturm-Liouville Eqn
Degeneration in Eigenproblem of S-L Eqn

Þ~

~13.3 L = i
d

dx∫ b

a

v∗
(

i
du

dx

)
dx = iv∗u

∣∣∣b
a
− i

∫ b

a

dv∗

dx
udx

�uÚvÑ÷vÚ~13.1Ó��>.^�
y(a) = y(b)�∫ b

a

v∗
(

i
du

dx

)
dx =

∫ b

a

[
d(iv)

dx

]∗
udx

¤±i
d

dx
´g��Î

C. S. Wu 1�nù ©lCþ{o(



Eigenproblem of Sturm-Liouville Eqn
Method of Separation of Variables . . .

Eigenproblem of Self-Adjiont Operators
Eigenproblem of Sturm-Liouville Eqn
Degeneration in Eigenproblem of S-L Eqn

?Ø

�Î�g�5§o´Ú�½�¼ê�méX3�
å�

Ï~§·�o´�¦

C. S. Wu 1�nù ©lCþ{o(



Eigenproblem of Sturm-Liouville Eqn
Method of Separation of Variables . . .

Eigenproblem of Self-Adjiont Operators
Eigenproblem of Sturm-Liouville Eqn
Degeneration in Eigenproblem of S-L Eqn

?Ø

�Î�g�5§o´Ú�½�¼ê�méX3�
å�

Ï~§·�o´�¦

• ¼ê½Â3�½�«mþ

C. S. Wu 1�nù ©lCþ{o(



Eigenproblem of Sturm-Liouville Eqn
Method of Separation of Variables . . .

Eigenproblem of Self-Adjiont Operators
Eigenproblem of Sturm-Liouville Eqn
Degeneration in Eigenproblem of S-L Eqn

?Ø

�Î�g�5§o´Ú�½�¼ê�méX3�
å�

Ï~§·�o´�¦

• ¼ê½Â3�½�«mþ

• ¼êäkv
�ëY5

C. S. Wu 1�nù ©lCþ{o(



Eigenproblem of Sturm-Liouville Eqn
Method of Separation of Variables . . .

Eigenproblem of Self-Adjiont Operators
Eigenproblem of Sturm-Liouville Eqn
Degeneration in Eigenproblem of S-L Eqn

?Ø

�Î�g�5§o´Ú�½�¼ê�méX3�
å�

Ï~§·�o´�¦

• ¼ê½Â3�½�«mþ

• ¼êäkv
�ëY5

~X§éu���©�Î§Ò�¦¼ê����
êëY§��©ãëY¶XJ´Ã.«m§K�
¦¼ê²��È

C. S. Wu 1�nù ©lCþ{o(



Eigenproblem of Sturm-Liouville Eqn
Method of Separation of Variables . . .

Eigenproblem of Self-Adjiont Operators
Eigenproblem of Sturm-Liouville Eqn
Degeneration in Eigenproblem of S-L Eqn

?Ø

�Î�g�5§o´Ú�½�¼ê�méX3�
å�

Ï~§·�o´�¦

• ¼ê½Â3�½�«mþ

• ¼êäkv
�ëY5(áu,�Hilbert�m)

C. S. Wu 1�nù ©lCþ{o(



Eigenproblem of Sturm-Liouville Eqn
Method of Separation of Variables . . .

Eigenproblem of Self-Adjiont Operators
Eigenproblem of Sturm-Liouville Eqn
Degeneration in Eigenproblem of S-L Eqn

?Ø

�Î�g�5§o´Ú�½�¼ê�méX3�
å�

Ï~§·�o´�¦

• ¼ê½Â3�½�«mþ

• ¼êäkv
�ëY5(áu,�Hilbert�m)

• ¼ê÷v�½>.^�§=Û�3Hilbert�
m¥��½f�m(6/)S

C. S. Wu 1�nù ©lCþ{o(



Eigenproblem of Sturm-Liouville Eqn
Method of Separation of Variables . . .

Eigenproblem of Self-Adjiont Operators
Eigenproblem of Sturm-Liouville Eqn
Degeneration in Eigenproblem of S-L Eqn

?Ø

�Î�g�5§o´Ú�½�¼ê�méX3�
å�

Ï~§·�o´�¦

• ¼ê½Â3�½�«mþ

• ¼êäkv
�ëY5(áu,�Hilbert�m)

• ¼ê÷v�½>.^�§=Û�3Hilbert�
m¥��½f�m(6/)S

ýØUøl>.^���å5?Ø�Î�g�5

C. S. Wu 1�nù ©lCþ{o(



Eigenproblem of Sturm-Liouville Eqn
Method of Separation of Variables . . .

Eigenproblem of Self-Adjiont Operators
Eigenproblem of Sturm-Liouville Eqn
Degeneration in Eigenproblem of S-L Eqn

g��Î����¯K

Definition

eL�g��Î§K�§

Ly(x) = λy(x)

¡�g��Î����¯K
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5�2

g��Î����7�¢ê

Proof

Ly = λy =⇒ (Ly)∗ = λ∗y∗

duL´g��Î∫ b

a

[y∗Ly − (Ly)∗y] dx = 0 =⇒ (λ− λ∗)

∫ b

a

yy∗dx = 0

∴ λ = λ∗ i.e.���λ�¢ê
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a
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