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R R B8 5 Fa AL

Answer

mBuLp, 2K, u=u(rt), #HEEHEFA

Ft+3t Ea%(=)



%]10.3
BH—AMLFKGB KR, F2HAa. RARL
BZRERAELARR, 2B AR ARG . R
AR A @B EHEBFEH0, WBAuf(r), RKEE
ARA R A Fe AL

Answer

I 10189 —f& T8, 25 5 & b2t B A4

— A& R
t) = i cido (Mg) exp {—m (%)2 t]
i=1

3 pi 2 Jo(w) 89 i AN IE R &

Ft+3t Ea%(=)



Applications of Bessel ftns

EH AT KGB AR, F2Ha. AR
BZRERAELARR, 2 AR ARG, R
AR A @B EHEBFEAH0, WBAuf(r), KREE
PR R A Fe AR

RN F A
= r
u(r, t)’tzo = Z cido ('MZE> = ug f(r)
i=1

C. S. Wu F+o AERH(Z)



Eig . :
Coolm,> of thnduc'ﬂ Bodv

Applications of Bessel ftns Plane Radial Oscillati of C

EH AT KGB AR, F2Ha. AR
BZRERAELARR, 2 AR ARG, R
AR A @B EHEBFEAH0, WBAuf(r), KREE
AR R A e AL

Answer

RNAT ZAF

(0.¢]

F+# BEIH(=)



Applications of Bessel ftns I

%]10.3

BH—AEFT KGR A, E2Aa. REH R
RiZEAELIRAR, A E ARG, R
HAR R BB EREREA0, WBAuf(r), KREHE
A iR 5 Fe AL

Answer

o Jnit T f(r)m ALK X, stAtH

C. S. Wu F+o AERH(Z)



Applications of Bessel ftns I

#]10.3
BEAH—AMLFT KGBAEKR, F12A0. RARR
BIZERELARR, 24P A B ARG S. dwX
ARG R @B ERFEAHO, MBAuf(r), REE
PR IR B 55T Fe AL

Answer
o i T f(r)89 B4ARE X, #hALH he
o #ldm, f(r)=1-—(r/a)?

c; = azj%u(?ul) /Oa [1 = (;)2} Jo <,u,i£> rdr

Bug
1331 (17)

C. S. Wu F+o AERH(Z)



Eigenproblems Involving Bessel Eq
Cooling of Cylindrical Boc

Applications of Bessel ftns Plane Radial Oscillation of Circular Ring

LIRS

© Bessel % 269 52 B

o [ 2R 69 1 £2 o) PR B




Applications of Bessel ftns

Cooli of ( ody
Plane Radial Oscillation of Circular Ring

B 2R 69 A1 5429 B Aafab. 2 ARR(A )
Bz, sSMARGME) AW, £ERMAEFEREAR
349 B 2 91

C. S. Wu F+o AERH(Z)



/ ientions of Bessel fine Cooli of ;
Applications of Bessel ftns Plane Radial Oscillation of Circular Ring

B 3R89 P SR £ A2 ) Aadeb. %A DLR(AE)
Bz, shAFLE)Aad, KEFRMETFBEEEK
304 1A 90

Answer

BEARZERF@RLRR. WEB(LKT)u =
ue, i R (R E)RNFTAZEA

|

C. S. Wu F+o AERH(Z)



Applications of Bessel ftns

Cooli of ( ;
Plane Radial Oscillation of Circular Ring

B 2R 69 A1 5429 B Aafab. 2 ARR(A )
Bz, sSMARGME) AW, £ERMAEFEREAR
349 B 2 91

Answer

B %

|

2. _ 2 _ (2, Y 20u
Vu_V(uer)—<Vu 7Q)eyﬂr?aaqbqu

C. S. Wu F+o AERH(Z)



/ ientions of Bessel fine Cooli of ;
Applications of Bessel ftns Plane Radial Oscillation of Circular Ring

KB R R IN £ SR AaFeb. ERAF(HE)
Bz, b2 FUGIRE) A, KEFE-F@RGHK
6 B A F

B VA (% B) K3 FREN T s 124

Vzu——}:o @:0

C. S. Wu %+ BEH(Z)



Applications of Bessel ftns

Circular Ring

1]10.4

KB ZR 6 I EE SR AaFeb, ZRAF(HE)
Bz, b FUGIRE) A E, KEFMEF@RaHK
69 B A 3 &

Answer
BWRT I, BB 5ok, u=u(rt)i%H
o7 A2 Feih A

@_02 12 % _u =0
ot? ror T@r r2|

@
or

=0

r=b

F+# BEIH(=)



Applications of Bessel ftns

7 E 3R89 1 SR 425 5] Hafeb. EAAR(AR)
B, shARGIR) A d, KEFE-FEEZE@R
o) & B A R &

C. S. Wu F+# HEIHK(Z)



ooling of Cylindri
Plane Radial Osci lla‘r

Nocky
30
n of Circular Ring

m.ﬂ'é’? N F 200 AaFeb., ZERBF(AE)

B, shaR(5hE)a g,

) & ) A 90 F

R E R AE T i@ 42w Pk

Answer
Au(r, t)

ldl
—— |7

rdr dr

.|

R(r)e ™, k =w/ec,

)
| A\

1% 4% 2|

F+# BEIH(=)




Eigenproblems Involving Bessel Eq
Cooling of Cylindrical Body
Plane Radial Oscillation of Circular Ring

Applications of Bessel ftns

C. S. Wu F+# BEIH(=)



Eigenproblems Involving Bessel Eq
Cooling of Cylindrical Body
Plane Radial Oscillation of Circular Ring

Applications of Bessel ftns

o IR FANRIEM: k=0

C. S. Wu F+# BEIH(=)



snproblems Involving Bessel Eq
Cooling of Cylindrical Body
Plane Radial Oscillation of Circular Ring

Applications of Bessel ftns

o IR FANRIE: k=0
o k#0, TRy HAZKEMA
R(r) = CJy(kr) + DNy (kr)

C. S. Wu F+# BEIH(=)



Answer

R(CL) =0 = CJl(k:a) + DNl(kCL) =0
R'(b) = 0 = CJ,(kb) + DN/ (kb) = 0

C. S. Wu F+# BEIH(=)



R(a) =0 = CJy(ka) + DNy(ka) =0
R'(b) = 0 = CJ,(kb) + DN;(kb) =0
KT AE AL TFCHRD SR K FFE, A
ERBY AL BEHZ
Ji(ka)  Ni(ka) _
Ji(kb)  Ni(kD)|

C. S. Wu F+H HEHIH(Z)



o BT @RI E AR FE Aw; = kic,
F Ak 2 Ji(ka)Ny(kb) — Ny(ka)J)(kb) = 044
FiANEA(d ) 2] KHEF))

C. S. Wu F+# BEIH(=)



o B FAE-TF&@AZRRIKEFNE E AR EAw, = kic,
H A ki & Ji(ka)Ni(kb) — Ni(ka)Ji(kb) = 04
% 7;/\1171:5'«( By /)y 2] K HEF)

o fB1Z Ni(k;a), D = —Ji(k;a) = #8248
7%3‘%«@77}% Ed |
w;(r,t) =[Ny (kia)Jy(kir) — 1 (kia)Ny(Kkir)] e kit

C. S. Wu F+# BEIH(=)



3essel functions

Appendix 7
eumann functions

Appendix Outline

© Appendix
o Zeros of Bessel functions
e Zeros of Neumann functions

C. S. Wu F+# BEIH(=)



Zeros of Bessel functions
Zeros of Neumann functions

Appendix

Zeros of Bessel functions

When v is real, the functions J,(z) & N,(z) each
have an infinite number of zeros, all of which are
simple with the possible exception of z = 0. For
non-negative v the sth positive zeros of these

functions are denoted by j, s and n, , respectively.

C. S. Wu F+# BEIH(=)



Appendix

Zeros of Bessel functions

Zeros of Bessel fu
Zeros of Neun

1an

S

jO,s

jl,s

1o.s

Nnis

1

1
2
3
4
5!
6
7
8
9
0

2.40483

5.52008

8.65373
11.79153
14.93092
18.07106
21.21164
24.35247
27.49348
30.63461

3.83171

7.01559
10.17347
13.32369
16.47063
19.61586
22.76008
25.90367
29.04683
32.18968

0.89358

3.95768

7.06805
10.22235
13.36110
16.50092
19.64131
22.78203
25.92296
29.06403

2.19714

5.42968

8.59601
11.74915
14.89744
18.04340
21.18807
24.33194
27.47529
30.61829

C. S. Wu

F+3t Eaf(=)




Zeros of Bessel functions

Appendix ; 2 = i
PE Zeros of Neumann functions

Zeros of Bessel functions

2. McMahon’s expansions for large zeros

, —1 4(u—1)(7u—-31
durss s~ — & CAp—=1)(Tp )

80 3(8p)°
32(p — 1)(83p2 — 982y + 3779)
B 15(83)5
64 (1 —1)(694913 — 15385512 415857431 — 6277237)
; 105(80)7
R ’ s>v, p=4r
s+ v_1 T for j
g= 2 4)7 vs
v 3
3—1—5—1 I, for ny s

C. S. Wu Ft+3t Ea%(=)




Zeros of Bessel functions
Zeros of Neumann functions

Appendix

Zeros of the Bessel functions

3. Complex zeros of J,(2)

When v > —1 the zeros of J,(z) are all real. If

v < —1 and v is not an integer the number of
complex zeros of J,(2) is twice the integer part of
(—v); if the integer part of (—v) is odd two of
these zeros lie on the imaginary axis.

C. S. Wu F+o AERH(Z)



Zeros of Bessel functions

Appendix 5
PI Zeros of Neumann functions

Zeros of Neumann functions

1. Zeros of Neumann functions N, (z) |

When v is real the pattern of the complex zeros
of N,(z) depends on the non-integer part of v.
Attention is confined here to the case v = n, a
positive integer or zero.

C. S. Wu F+# BEIH(=)



Zeros of Bessel functions

Appendix 5
PI Zeros of Neumann functions

Zeros of the Neumann functions

2. Zeros of Neumann functions N, (z)

The figure shows the
approximate distribution of
the complex zeros of N, (z)

_ i(na+b)

in the region |argz| <m. N
The figure is symmetrical —— D STw—
about the real axis. The G <'}2
two curves on the left R
extend to infinity, having Zeros of Ny (2)

the asymptotes
Im 2z = i% In3 =+0.54931......

There are an infinite number of zeros near each of these

curves.

C. S. Wu F+# BEIH(=)



Zeros of Bessel

Appendix Zeros of Neum

Zeros of Neumann functions

2. Zeros of Neumann functions N,,(2) (cont.) |

The two curves extending from z = —n to z =n
and bounding an eye-shaped domain intersect the
imaginary axis at the points +i(na + b), where

a=+/t3—1=066274......

1
b= 5\/1 —1,%In2=0.19146. .. ...

and tp = 1.19968 ... ... is the positive root of
cotht = t. There are n zeros near each of these
curves.

C. S. Wu F+o AERH(Z)
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Appendix 3
PI Zeros of Neumann functions

Zeros of Neumann functions

Complex zeros of Ng(z)
Real part Imaginary part

—2.40302 0.53988
—5.51988 0.54718
—8.65367 0.54841

Complex zeros of Ny(z)
Real part Imaginary part

—0.50274 0.78624
—3.83353 0.56236
—7.01590 0.55339

C. S. Wu #F+H HEHIH(Z)
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