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B(p, q) =

∫ 1

0

tp−1(1− t)q−1dt Re p>0 Re q>0

Ù¥�È©CþtATn)�arg t = 0

ù�È©¡�1�aEulerÈ©
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B(p, q) = 2
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B¼ê�±^Γ¼êL«

B(p, q) =
Γ (p) Γ (q)

Γ (p + q)

=y>3Re p > 0§Re q > 0�^�e§w,k

Γ (p) =
∫ ∞

0

e−ttp−1dt = 2
∫ ∞

0

e−x2

x2p−1dx

Γ (q) = 2
∫ ∞

0

e−y2

y2q−1dy

∴ Γ (p) Γ (q) = 4
∫ ∞

0

∫ ∞

0

e−(x2+y2)x2p−1y2q−1dxdy

-x = r cos θ§y = r sin θ§=�
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5�3 p{mþ½n

Γ (z) Γ (1− z) =
π

sin πz

5�4 �¦úª

Γ (2z) = 22z−1π−1/2Γ (z) Γ (z+1/2)
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π

sin πz
�y²

=y>O�È©
B(z, 1− z) =

∫ 1

0

tz−1(1− t)−zdt

�C�x = t/(1− t)§þª=�z�

B(z, 1− z) =

∫ ∞

0

xz−1

1 + x
dx

ù�È©3þ�ù®²O�L§ù�Ò¦�

B(z, 1− z) =
π

sin πz
,��¡§òB(z, 1− z)L«�Γ¼ê§=y�

B(z, 1− z) = Γ (z) Γ (1− z) =
π

sin πz
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0 < Re z < 1

�^�e?1�©�´§du�ª�üà3�²
¡Ñ)Û§Ïd§�â)Ûòÿ�n��§d�
ª3�²¡¤á

C. S. Wu 1�nù Γ¼ê�B¼ê



Gamma Function
Beta Function

Beta Function: Definition
Beta Function: Relation to Gamma Function
Two Formulas of Gamma Function

p{mþ½n Γ (z) Γ (1− z) =
π

sin πz
�y²

=)Ûòÿ>±þ�y²´3

Re z > 0 Re (1− z) > 0

½=

0 < Re z < 1

�^�e?1�©�´§du�ª�üà3�²
¡Ñ)Û§Ïd§�â)Ûòÿ�n��§d�
ª3�²¡¤á

C. S. Wu 1�nù Γ¼ê�B¼ê



Gamma Function
Beta Function

Beta Function: Definition
Beta Function: Relation to Gamma Function
Two Formulas of Gamma Function

p{mþ½n Γ (z) Γ (1− z) =
π

sin πz
�y²

=)Ûòÿ>±þ�y²´3

Re z > 0 Re (1− z) > 0

½=

0 < Re z < 1

�^�e?1�©�´§du�ª�üà3�²
¡Ñ)Û§Ïd§�â)Ûòÿ�n��§d�
ª3�²¡¤á

C. S. Wu 1�nù Γ¼ê�B¼ê



Gamma Function
Beta Function

Beta Function: Definition
Beta Function: Relation to Gamma Function
Two Formulas of Gamma Function

�¦úª Γ (2z) = 22z−1π−1/2Γ (z) Γ (z+1/2)�y²

=y>O�È©I =
∫ 1

−1

(1− x2)z−1dx

¶�C�t = x2§=�

I = 2
∫ 1

0

(1− x2)z−1dx =
∫ 1

0

(1− t)z−1t−1/2dt

= B(z, 1/2) =
Γ(z)Γ(1/2)

Γ(z+1/2)

·�C�1 + x = 2t§1− x = 2(1− t)§Kk

I = 22z−1
∫ 1

0

tz−1(1− t)z−1dt

= 22z−1B(z, z) = 22z−1Γ(z)Γ(z)

Γ(2z)
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