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eiz
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= 2πi · 1

2
e−a = πi e−a

�4�R →∞
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XJùü�4�üÕÑØ�3§�´

lim
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c+δ
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∫ ∞

−∞

dx

x(1+x+x2)

=©Û>ù´���~È©§�~5QLy3È
©��±∞§ qLy��È¼ê3x=0:Øë
Y(x=0:�×:) ©dÈ©3Ì�¿Âe�3

v.p.

∫ ∞

−∞

dx

x(1+x+x2)

= lim
R1→∞

∫ −1

−R1

dx

x(1+x+x2)
+ lim

R2→∞

∫ R2

1

dx

x(1+x+x2)

+ lim
δ→0

[∫ −δ

−1

dx

x(1+x+x2)
+

∫ 1

δ

dx

x(1+x+x2)

]
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+

∫
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dz
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1
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z=ei2π/3

= − π√
3
− πi
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∫
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∫
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3�4�δ → 0, R →∞�§Ò��

(
1−e2πis

)∫ ∞

0

xs−1Q(x)dx=2πi
∑
�²¡

res
{

zs−1Q(z)
}

∫ ∞
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∑
�²¡
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g�K

XJ5½3��þWarg z = 2π§´ÄK��
�(Jº
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~12.4 O�È©

∫ ∞
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xα−1

1+x
dx, 0<α<1

=)>O�ECÈ©

∮
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zα−1

1+z
dz§
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∫
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�4�δ → 0, R →∞§Ò��(
1−e2πiα

) ∫ ∞

0

xα−1

1+x
dx = 2πi× res

{
zα−1

1+z

}
z=eiπ

= 2πi× eiπ(α−1)

∴
∫ ∞

0

xα−1

1+x
dx =

2πi

1− e2πiα
× eiπ(α−1)

=
2πi

e2πiα − 1
× eiπα

=
2πi

eπiα − e−πiα

=
π

sin πα
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lim
z→∞
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z→0
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K�â��lÚn���lÚn§k
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− 4πi
∫ ∞
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Q(x) ln xdx + 4π2
∫ ∞
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Q(x)dx

= 2πi
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�²¡

res
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Q(z) ln z
}

©O'�¢ÜÚJÜ§=�∫ ∞
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Q(x) ln xdx = −1

2
Re

{ ∑
�²¡
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[
Q(z) ln z

]}
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2π
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res
[
Q(z) ln z

]}
C. S. Wu 1��ù 3ê½n9ÙA^(�)



Evaluation of Definite Integrals (continued)
Integrals Involving Trigonometric Function ...
Integrand with Singularity at Real Axis
Integrals Involving Multivalued Functions

�4�δ → 0, R →∞§Òk

− 4πi
∫ ∞

0

Q(x) ln xdx + 4π2
∫ ∞

0

Q(x)dx

= 2πi
∑
�²¡

res
{

Q(z) ln z
}

©O'�¢ÜÚJÜ§=�∫ ∞

0

Q(x) ln xdx = −1

2
Re

{ ∑
�²¡

res
[
Q(z) ln z

]}
∫ ∞

0

Q(x)dx = − 1

2π
Im

{ ∑
�²¡

res
[
Q(z) ln z

]}
C. S. Wu 1��ù 3ê½n9ÙA^(�)



Evaluation of Definite Integrals (continued)
Integrals Involving Trigonometric Function ...
Integrand with Singularity at Real Axis
Integrals Involving Multivalued Functions

~12.5 O�È©

∫ ∞

0

ln x

1+x+x2
dx

=)>�È©´»CXmã§¿5
½��þWarg z = 0§ O�EC
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ln2 z

1+z+z2
dz∮
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dx+
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dz

C. S. Wu 1��ù 3ê½n9ÙA^(�)



Evaluation of Definite Integrals (continued)
Integrals Involving Trigonometric Function ...
Integrand with Singularity at Real Axis
Integrals Involving Multivalued Functions

~12.5 O�È©

∫ ∞

0

ln x

1+x+x2
dx

=)>�È©´»CXmã§¿5
½��þWarg z = 0§ O�EC

È©

∮
C

ln2 z

1+z+z2
dz∮

C

ln2 z

1+z+z2
dz =

∫ R

δ

ln2 x

1+x+x2
dx+

∫
CR

ln2 z

1+z+z2
dz

+

∫ δ

R

(ln x+2πi)2

1+x+x2
dx+

∫
Cδ

ln2 z

1+z+z2
dz

C. S. Wu 1��ù 3ê½n9ÙA^(�)



Evaluation of Definite Integrals (continued)
Integrals Involving Trigonometric Function ...
Integrand with Singularity at Real Axis
Integrals Involving Multivalued Functions

∮
C

ln2 z

1+z+z2
dz =

∫ R

δ

ln2 x

1+x+x2
dx+

∫
CR

ln2 z

1+z+z2
dz

+

∫ δ

R

(ln x+2πi)2

1+x+x2
dx+

∫
Cδ

ln2 z

1+z+z2
dz

∵ lim
z→∞

z · ln2 z

1+z+z2
= 0 lim

z→0
z · ln2 z

1+z+z2
= 0

∴ lim
R→∞

∫
CR

ln2 z

1+z+z2
dz=0 (��lÚn)

lim
δ→0

∫
Cδ

ln2 z

1+z+z2
dz=0 (��lÚn)

C. S. Wu 1��ù 3ê½n9ÙA^(�)



Evaluation of Definite Integrals (continued)
Integrals Involving Trigonometric Function ...
Integrand with Singularity at Real Axis
Integrals Involving Multivalued Functions

∮
C

ln2 z

1+z+z2
dz =

∫ R

δ

ln2 x

1+x+x2
dx+

∫
CR

ln2 z

1+z+z2
dz

+

∫ δ

R

(ln x+2πi)2

1+x+x2
dx+

∫
Cδ

ln2 z

1+z+z2
dz

∵ lim
z→∞

z · ln2 z

1+z+z2
= 0 lim

z→0
z · ln2 z

1+z+z2
= 0

∴ lim
R→∞

∫
CR

ln2 z

1+z+z2
dz=0 (��lÚn)

lim
δ→0

∫
Cδ

ln2 z

1+z+z2
dz=0 (��lÚn)

C. S. Wu 1��ù 3ê½n9ÙA^(�)



Evaluation of Definite Integrals (continued)
Integrals Involving Trigonometric Function ...
Integrand with Singularity at Real Axis
Integrals Involving Multivalued Functions

∮
C

ln2 z

1+z+z2
dz =

∫ R

δ

ln2 x

1+x+x2
dx+

∫
CR

ln2 z

1+z+z2
dz

+

∫ δ

R

(ln x+2πi)2

1+x+x2
dx+

∫
Cδ

ln2 z

1+z+z2
dz

∵ lim
z→∞

z · ln2 z

1+z+z2
= 0 lim

z→0
z · ln2 z

1+z+z2
= 0

∴ lim
R→∞

∫
CR

ln2 z

1+z+z2
dz=0 (��lÚn)

lim
δ→0

∫
Cδ

ln2 z

1+z+z2
dz=0 (��lÚn)

C. S. Wu 1��ù 3ê½n9ÙA^(�)



Evaluation of Definite Integrals (continued)
Integrals Involving Trigonometric Function ...
Integrand with Singularity at Real Axis
Integrals Involving Multivalued Functions

�4�δ → 0, R →∞§Ò��
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