
Outline

1 n ù

õ � ¼ ê

�®�Æ ÔnÆ�

êÆÔn�{�§|

2007cS

C. S. Wu 1nù õ�¼ê



Outline

ùÇ�:

1 �ª¼ê

�ª¼ê�õ�5

�ª¼ê�{:

�ª¼ê�ü�z

�ª¼ê�Riemann¡

2 éê¼ê

éê¼ê�õ�5

éê¼ê�ü�z

éê¼ê�Riemann¡

3 Ù§õ�¼ê

C. S. Wu 1nù õ�¼ê



Outline

ùÇ�:

1 �ª¼ê

�ª¼ê�õ�5

�ª¼ê�{:

�ª¼ê�ü�z

�ª¼ê�Riemann¡

2 éê¼ê

éê¼ê�õ�5

éê¼ê�ü�z

éê¼ê�Riemann¡

3 Ù§õ�¼ê

C. S. Wu 1nù õ�¼ê



Outline

ùÇ�:

1 �ª¼ê

�ª¼ê�õ�5

�ª¼ê�{:

�ª¼ê�ü�z

�ª¼ê�Riemann¡

2 éê¼ê

éê¼ê�õ�5

éê¼ê�ü�z

éê¼ê�Riemann¡

3 Ù§õ�¼ê

C. S. Wu 1nù õ�¼ê



Root Functions
Logarithmic Functions

Other Multivalued Functions

References

ÇÂÁ§5êÆÔn�{6§§2.4

ù&�§5êÆÔn�{6§§1.6

�nÎ!X1Á§5êÆÔn�{6§§1.4

C. S. Wu 1nù õ�¼ê



Root Functions
Logarithmic Functions

Other Multivalued Functions

References

ÇÂÁ§5êÆÔn�{6§§2.4

ù&�§5êÆÔn�{6§§1.6

�nÎ!X1Á§5êÆÔn�{6§§1.4

C. S. Wu 1nù õ�¼ê



Root Functions
Logarithmic Functions

Other Multivalued Functions

References

ÇÂÁ§5êÆÔn�{6§§2.4

ù&�§5êÆÔn�{6§§1.6

�nÎ!X1Á§5êÆÔn�{6§§1.4

C. S. Wu 1nù õ�¼ê



Root Functions
Logarithmic Functions

Other Multivalued Functions

õ � ¼ ê

C. S. Wu 1nù õ�¼ê



Root Functions
Logarithmic Functions

Other Multivalued Functions

EC¼ê

�kEê²¡þ���«

�G§XJéuGS�z�
�z�§Ñk��½õ�Eê
�w��éA§ K¡w�z�

¼ê EC¼ê§P�
w = f(z)

½Â��G

õ�¼ê

�kEê²¡þ�

��«�G§XJ
éuGS�z�

�z�§kõ�Eê
�w��éA§K
w = f(z)�z�õ�

¼ê

C. S. Wu 1nù õ�¼ê



Root Functions
Logarithmic Functions

Other Multivalued Functions

EC¼ê

�kEê²¡þ���«

�G§XJéuGS�z�
�z�§Ñk��½õ�Eê
�w��éA§ K¡w�z�

¼ê EC¼ê§P�
w = f(z)

½Â��G

õ�¼ê

�kEê²¡þ�

��«�G§XJ
éuGS�z�

�z�§kõ�Eê
�w��éA§K
w = f(z)�z�õ�

¼ê

C. S. Wu 1nù õ�¼ê



Root Functions
Logarithmic Functions

Other Multivalued Functions

õ�¼ê

õ�¼ê9ÙA^3)Û¼ênØ¥Ók­

�/ 

�ª¼ê§éê¼ê§�n�¼ê§Ñ´õ
�¼ê

0��ª¼ê9éê¼ê§¿ÏLùü«¼
ê�ãõ�¼ê��
Ä�Vg

O�õ�¼êÑ�±^ùü«õ�¼êL�

C. S. Wu 1nù õ�¼ê



Root Functions
Logarithmic Functions

Other Multivalued Functions

õ�¼ê

õ�¼ê9ÙA^3)Û¼ênØ¥Ók­

�/ 

�ª¼ê§éê¼ê§�n�¼ê§Ñ´õ
�¼ê

0��ª¼ê9éê¼ê§¿ÏLùü«¼
ê�ãõ�¼ê��
Ä�Vg

O�õ�¼êÑ�±^ùü«õ�¼êL�

C. S. Wu 1nù õ�¼ê



Root Functions
Logarithmic Functions

Other Multivalued Functions

õ�¼ê

õ�¼ê9ÙA^3)Û¼ênØ¥Ók­

�/ 

�ª¼ê§éê¼ê§�n�¼ê§Ñ´õ
�¼ê

0��ª¼ê9éê¼ê§¿ÏLùü«¼
ê�ãõ�¼ê��
Ä�Vg

O�õ�¼êÑ�±^ùü«õ�¼êL�

C. S. Wu 1nù õ�¼ê



Root Functions
Logarithmic Functions

Other Multivalued Functions

õ�¼ê

õ�¼ê9ÙA^3)Û¼ênØ¥Ók­

�/ 

�ª¼ê§éê¼ê§�n�¼ê§Ñ´õ
�¼ê

0��ª¼ê9éê¼ê§¿ÏLùü«¼
ê�ãõ�¼ê��
Ä�Vg

O�õ�¼êÑ�±^ùü«õ�¼êL�

C. S. Wu 1nù õ�¼ê



Root Functions
Logarithmic Functions

Other Multivalued Functions

Multivalued Property of Root Functions
Branching Points in Root Functions
Branch Cut of Root Functions
Riemann Surface of Root Functions

ùÇ�:

1 �ª¼ê

�ª¼ê�õ�5

�ª¼ê�{:

�ª¼ê�ü�z

�ª¼ê�Riemann¡

2 éê¼ê

éê¼ê�õ�5

éê¼ê�ü�z

éê¼ê�Riemann¡

3 Ù§õ�¼ê

C. S. Wu 1nù õ�¼ê



Root Functions
Logarithmic Functions

Other Multivalued Functions

Multivalued Property of Root Functions
Branching Points in Root Functions
Branch Cut of Root Functions
Riemann Surface of Root Functions

�ª¼ê
√

z�õ�5

½Â

�½��gCþ�z§�´÷v�ªw2 = z�w

�§Ò´�ª¼ê
√

z�¼ê�§½ö`§´z�

²��

§´�¼êz2 = w=w = z2��¼ê

§�õ�5Ly3µéAu��gCþ�z§
�ª¼ê

√
z��ü��

�
��Ù/wÑ�ª¼ê�5�§I�c
[©Û�e¼êw =

√
z − a

C. S. Wu 1nù õ�¼ê



Root Functions
Logarithmic Functions

Other Multivalued Functions

Multivalued Property of Root Functions
Branching Points in Root Functions
Branch Cut of Root Functions
Riemann Surface of Root Functions

�ª¼ê
√

z�õ�5

½Â

�½��gCþ�z§�´÷v�ªw2 = z�w

�§Ò´�ª¼ê
√

z�¼ê�§½ö`§´z�

²��

§´�¼êz2 = w=w = z2��¼ê

§�õ�5Ly3µéAu��gCþ�z§
�ª¼ê

√
z��ü��

�
��Ù/wÑ�ª¼ê�5�§I�c
[©Û�e¼êw =

√
z − a

C. S. Wu 1nù õ�¼ê



Root Functions
Logarithmic Functions

Other Multivalued Functions

Multivalued Property of Root Functions
Branching Points in Root Functions
Branch Cut of Root Functions
Riemann Surface of Root Functions

�ª¼ê
√

z�õ�5

½Â

�½��gCþ�z§�´÷v�ªw2 = z�w

�§Ò´�ª¼ê
√

z�¼ê�§½ö`§´z�

²��

§´�¼êz2 = w=w = z2��¼ê

§�õ�5Ly3µéAu��gCþ�z§
�ª¼ê

√
z��ü��

�
��Ù/wÑ�ª¼ê�5�§I�c
[©Û�e¼êw =

√
z − a

C. S. Wu 1nù õ�¼ê



Root Functions
Logarithmic Functions

Other Multivalued Functions

Multivalued Property of Root Functions
Branching Points in Root Functions
Branch Cut of Root Functions
Riemann Surface of Root Functions

�ª¼ê
√

z�õ�5

½Â

�½��gCþ�z§�´÷v�ªw2 = z�w

�§Ò´�ª¼ê
√

z�¼ê�§½ö`§´z�

²��

§´�¼êz2 = w=w = z2��¼ê

§�õ�5Ly3µéAu��gCþ�z§
�ª¼ê

√
z��ü��

�
��Ù/wÑ�ª¼ê�5�§I�c
[©Û�e¼êw =

√
z − a

C. S. Wu 1nù õ�¼ê



Root Functions
Logarithmic Functions

Other Multivalued Functions

Multivalued Property of Root Functions
Branching Points in Root Functions
Branch Cut of Root Functions
Riemann Surface of Root Functions

�ª¼êw =
√

z − a�õ�5

æ^4�IL�ªw = ρeiφ, z − a = reiθ

�\Kk

ρ =
√

r φ =
θ

2
+ nπ n = 0,±1,±2, · · ·

Ïd§éu�½���z�§kü�w���
éAµ

w1(z) =
√

reiθ/2
��un = 0,±2, · · ·

w2(z) =
√

rei(π+θ/2)

=−
√

reiθ/2
��un = ±1,±3, · · ·

C. S. Wu 1nù õ�¼ê



Root Functions
Logarithmic Functions

Other Multivalued Functions

Multivalued Property of Root Functions
Branching Points in Root Functions
Branch Cut of Root Functions
Riemann Surface of Root Functions

�ª¼êw =
√

z − a�õ�5

æ^4�IL�ªw = ρeiφ, z − a = reiθ

�\Kk

ρ =
√

r φ =
θ

2
+ nπ n = 0,±1,±2, · · ·

Ïd§éu�½���z�§kü�w���
éAµ

w1(z) =
√

reiθ/2
��un = 0,±2, · · ·

w2(z) =
√

rei(π+θ/2)

=−
√

reiθ/2
��un = ±1,±3, · · ·

C. S. Wu 1nù õ�¼ê



Root Functions
Logarithmic Functions

Other Multivalued Functions

Multivalued Property of Root Functions
Branching Points in Root Functions
Branch Cut of Root Functions
Riemann Surface of Root Functions

�ª¼êw =
√

z − a�õ�5

æ^4�IL�ªw = ρeiφ, z − a = reiθ

�\Kk

ρ =
√

r φ =
θ

2
+ nπ n = 0,±1,±2, · · ·

Ïd§éu�½���z�§kü�w���

éAµ

w1(z) =
√

reiθ/2
��un = 0,±2, · · ·

w2(z) =
√

rei(π+θ/2)

=−
√

reiθ/2
��un = ±1,±3, · · ·

C. S. Wu 1nù õ�¼ê



Root Functions
Logarithmic Functions

Other Multivalued Functions

Multivalued Property of Root Functions
Branching Points in Root Functions
Branch Cut of Root Functions
Riemann Surface of Root Functions

(Ø

�ª¼êw =
√

z − a�õ�5

õ�55
uË��õ�5

O(`§õ�55
umþz − a(
�gC
þz)Ë��õ�5

õ�5�LyK´¼êw�Ë�

�
(½å�§±�Òr¼êw =
√

z − a²(L

«¤

|w| =
√
|z − a| arg w =

1

2
arg(z − a)

C. S. Wu 1nù õ�¼ê



Root Functions
Logarithmic Functions

Other Multivalued Functions

Multivalued Property of Root Functions
Branching Points in Root Functions
Branch Cut of Root Functions
Riemann Surface of Root Functions

(Ø

�ª¼êw =
√

z − a�õ�5

õ�55
uË��õ�5

O(`§õ�55
umþz − a(
�gC
þz)Ë��õ�5

õ�5�LyK´¼êw�Ë�

�
(½å�§±�Òr¼êw =
√

z − a²(L

«¤

|w| =
√
|z − a| arg w =

1

2
arg(z − a)

C. S. Wu 1nù õ�¼ê



Root Functions
Logarithmic Functions

Other Multivalued Functions

Multivalued Property of Root Functions
Branching Points in Root Functions
Branch Cut of Root Functions
Riemann Surface of Root Functions

(Ø

�ª¼êw =
√

z − a�õ�5

õ�55
uË��õ�5

O(`§õ�55
umþz − a(
�gC
þz)Ë��õ�5

õ�5�LyK´¼êw�Ë�

�
(½å�§±�Òr¼êw =
√

z − a²(L

«¤

|w| =
√
|z − a| arg w =

1

2
arg(z − a)

C. S. Wu 1nù õ�¼ê



Root Functions
Logarithmic Functions

Other Multivalued Functions

Multivalued Property of Root Functions
Branching Points in Root Functions
Branch Cut of Root Functions
Riemann Surface of Root Functions

(Ø

�ª¼êw =
√

z − a�õ�5

õ�55
uË��õ�5

O(`§õ�55
umþz − a(
�gC
þz)Ë��õ�5

õ�5�LyK´¼êw�Ë�

�
(½å�§±�Òr¼êw =
√

z − a²(L

«¤

|w| =
√
|z − a| arg w =

1

2
arg(z − a)

C. S. Wu 1nù õ�¼ê



Root Functions
Logarithmic Functions

Other Multivalued Functions

Multivalued Property of Root Functions
Branching Points in Root Functions
Branch Cut of Root Functions
Riemann Surface of Root Functions

ùÇ�:

1 �ª¼ê

�ª¼ê�õ�5

�ª¼ê�{:

�ª¼ê�ü�z

�ª¼ê�Riemann¡

2 éê¼ê

éê¼ê�õ�5

éê¼ê�ü�z

éê¼ê�Riemann¡

3 Ù§õ�¼ê

C. S. Wu 1nù õ�¼ê



Root Functions
Logarithmic Functions

Other Multivalued Functions

Multivalued Property of Root Functions
Branching Points in Root Functions
Branch Cut of Root Functions
Riemann Surface of Root Functions

�ª¼êw =
√

z − a�?�Ú©Û

�
�?�Ú�«õ�¼êw =
√

z − a�5�§
y3Ø�5½Ðz²¡þ,�:arg(z − a)��§

�ïÄz÷{ü4Ü­�(=g�Ø���4Ü
­�)ëYCz�§�A�w��ëYCz

�z÷�½{ü4Ü­�Cz�±£��?�§
�UÑyü«(J

C. S. Wu 1nù õ�¼ê



Root Functions
Logarithmic Functions

Other Multivalued Functions

Multivalued Property of Root Functions
Branching Points in Root Functions
Branch Cut of Root Functions
Riemann Surface of Root Functions

�ª¼êw =
√

z − a�?�Ú©Û

�
�?�Ú�«õ�¼êw =
√

z − a�5�§
y3Ø�5½Ðz²¡þ,�:arg(z − a)��§

�ïÄz÷{ü4Ü­�(=g�Ø���4Ü
­�)ëYCz�§�A�w��ëYCz

�z÷�½{ü4Ü­�Cz�±£��?�§
�UÑyü«(J

C. S. Wu 1nù õ�¼ê



Root Functions
Logarithmic Functions

Other Multivalued Functions

Multivalued Property of Root Functions
Branching Points in Root Functions
Branch Cut of Root Functions
Riemann Surface of Root Functions

�ª¼êw =
√

z − a�?�Ú©Û

4Ü­�SØ�¹a:

z÷4Ü­�Cz�±£

��?§arg(z − a)��
�§ÏdéA�¼ê�
ØC

C. S. Wu 1nù õ�¼ê



Root Functions
Logarithmic Functions

Other Multivalued Functions

Multivalued Property of Root Functions
Branching Points in Root Functions
Branch Cut of Root Functions
Riemann Surface of Root Functions

�ª¼êw =
√

z − a�?�Ú©Û

4Ü­�SØ�¹a:

z÷4Ü­�Cz�±£

��?§arg(z − a)��
�§ÏdéA�¼ê�
ØC

4Ü­�S¹ka:

zCz�±£��?§
arg(z − a)O\2π§
arg w��O\π§Ï

w�¿Ø��

C. S. Wu 1nù õ�¼ê



Root Functions
Logarithmic Functions

Other Multivalued Functions

Multivalued Property of Root Functions
Branching Points in Root Functions
Branch Cut of Root Functions
Riemann Surface of Root Functions

�ª¼êw =
√

z − a�{:

4Ü­�SØ�¹a: 4Ü­�S¹ka:

Ïd§a:3õ�¼êw =
√

z − a¥äkAÏ�

/ µ

�z7a:=��£��?�§éA�¼ê�
Ø��

�zØ7a:=��£��?�§¼ê���
C. S. Wu 1nù õ�¼ê



Root Functions
Logarithmic Functions

Other Multivalued Functions

Multivalued Property of Root Functions
Branching Points in Root Functions
Branch Cut of Root Functions
Riemann Surface of Root Functions

�ª¼êw =
√

z − a�{:

4Ü­�SØ�¹a: 4Ü­�S¹ka:

Ïd§a:3õ�¼êw =
√

z − a¥äkAÏ�

/ µ

�z7a:=��£��?�§éA�¼ê�
Ø��

�zØ7a:=��£��?�§¼ê���
C. S. Wu 1nù õ�¼ê



Root Functions
Logarithmic Functions

Other Multivalued Functions

Multivalued Property of Root Functions
Branching Points in Root Functions
Branch Cut of Root Functions
Riemann Surface of Root Functions

�ª¼êw =
√

z − a�{:

4Ü­�SØ�¹a: 4Ü­�S¹ka:

Ïd§a:3õ�¼êw =
√

z − a¥äkAÏ�

/ µ

�z7a:=��£��?�§éA�¼ê�
Ø��

�zØ7a:=��£��?�§¼ê���
C. S. Wu 1nù õ�¼ê



Root Functions
Logarithmic Functions

Other Multivalued Functions

Multivalued Property of Root Functions
Branching Points in Root Functions
Branch Cut of Root Functions
Riemann Surface of Root Functions

�ª¼êw =
√

z − a�¢ÜÚJÜ

�ª¼êw =
√

z − a¢Ü

arg (z − a) = 0 → 2π

�ª¼êw =
√

z − aJÜ

arg (z − a) = 0 → 2π

C. S. Wu 1nù õ�¼ê



Root Functions
Logarithmic Functions

Other Multivalued Functions

Multivalued Property of Root Functions
Branching Points in Root Functions
Branch Cut of Root Functions
Riemann Surface of Root Functions

�ª¼êw =
√

z − a�{:

4Ü­�SØ�¹a: 4Ü­�S¹ka:

a:¡�õ�¼êw =
√

z − a�{:

z = ∞�´õ�¼êw =
√

z − a�{:

Ïd§�
��(½õ�¼êw =
√

z − a�¼ê

��gCþz��m�éA'X§ �±æ^ü«
�{

C. S. Wu 1nù õ�¼ê



Root Functions
Logarithmic Functions

Other Multivalued Functions

Multivalued Property of Root Functions
Branching Points in Root Functions
Branch Cut of Root Functions
Riemann Surface of Root Functions

�ª¼êw =
√

z − a�{:

4Ü­�SØ�¹a: 4Ü­�S¹ka:

a:¡�õ�¼êw =
√

z − a�{:

z = ∞�´õ�¼êw =
√

z − a�{:

Ïd§�
��(½õ�¼êw =
√

z − a�¼ê

��gCþz��m�éA'X§ �±æ^ü«
�{

C. S. Wu 1nù õ�¼ê



Root Functions
Logarithmic Functions

Other Multivalued Functions

Multivalued Property of Root Functions
Branching Points in Root Functions
Branch Cut of Root Functions
Riemann Surface of Root Functions

�ª¼êw =
√

z − a�{:

4Ü­�SØ�¹a: 4Ü­�S¹ka:

a:¡�õ�¼êw =
√

z − a�{:

z = ∞�´õ�¼êw =
√

z − a�{:

Ïd§�
��(½õ�¼êw =
√

z − a�¼ê
��gCþz��m�éA'X§ �±æ^ü«
�{

C. S. Wu 1nù õ�¼ê



Root Functions
Logarithmic Functions

Other Multivalued Functions

Multivalued Property of Root Functions
Branching Points in Root Functions
Branch Cut of Root Functions
Riemann Surface of Root Functions

ùÇ�:

1 �ª¼ê

�ª¼ê�õ�5

�ª¼ê�{:

�ª¼ê�ü�z

�ª¼ê�Riemann¡

2 éê¼ê

éê¼ê�õ�5

éê¼ê�ü�z

éê¼ê�Riemann¡

3 Ù§õ�¼ê

C. S. Wu 1nù õ�¼ê



Root Functions
Logarithmic Functions

Other Multivalued Functions

Multivalued Property of Root Functions
Branching Points in Root Functions
Branch Cut of Root Functions
Riemann Surface of Root Functions

�ª¼êw =
√

z − a�ü�z

'�{ü��{´5½mþz − a�Ë�Cz

��

�mþz − a�Ë���3,�±ÏS�§
w =

√
z − a�Ë��Ò��/(½§Ï


w��Ò��/(½

~X§5½0 ≤ arg(z − a) < 2π½
2π ≤ arg(z − a) < 4π§��

C. S. Wu 1nù õ�¼ê



Root Functions
Logarithmic Functions

Other Multivalued Functions

Multivalued Property of Root Functions
Branching Points in Root Functions
Branch Cut of Root Functions
Riemann Surface of Root Functions

�ª¼êw =
√

z − a�ü�z

'�{ü��{´5½mþz − a�Ë�Cz

��

�mþz − a�Ë���3,�±ÏS�§
w =

√
z − a�Ë��Ò��/(½§Ï


w��Ò��/(½

~X§5½0 ≤ arg(z − a) < 2π½
2π ≤ arg(z − a) < 4π§��

C. S. Wu 1nù õ�¼ê



Root Functions
Logarithmic Functions

Other Multivalued Functions

Multivalued Property of Root Functions
Branching Points in Root Functions
Branch Cut of Root Functions
Riemann Surface of Root Functions

�ª¼êw =
√

z − a�ü�z

'�{ü��{´5½mþz − a�Ë�Cz

��

�mþz − a�Ë���3,�±ÏS�§
w =

√
z − a�Ë��Ò��/(½§Ï


w��Ò��/(½

~X§5½0 ≤ arg(z − a) < 2π½
2π ≤ arg(z − a) < 4π§��

C. S. Wu 1nù õ�¼ê



Root Functions
Logarithmic Functions

Other Multivalued Functions

Multivalued Property of Root Functions
Branching Points in Root Functions
Branch Cut of Root Functions
Riemann Surface of Root Functions

~µ�w =
√

z−1§5½0 ≤ arg(z−1) < 2π§¦w(2),
w(i), w(0), w(−i)

C. S. Wu 1nù õ�¼ê



Root Functions
Logarithmic Functions

Other Multivalued Functions

Multivalued Property of Root Functions
Branching Points in Root Functions
Branch Cut of Root Functions
Riemann Surface of Root Functions

~µ�w =
√

z−1§5½0 ≤ arg(z−1) < 2π§¦w(2),
w(i), w(0), w(−i)

C. S. Wu 1nù õ�¼ê



Root Functions
Logarithmic Functions

Other Multivalued Functions

Multivalued Property of Root Functions
Branching Points in Root Functions
Branch Cut of Root Functions
Riemann Surface of Root Functions

~µ�w =
√

z−1§5½0 ≤ arg(z−1) < 2π§¦w(2),
w(i), w(0), w(−i)

arg w =
1

2
arg(z−1)

C. S. Wu 1nù õ�¼ê



Root Functions
Logarithmic Functions

Other Multivalued Functions

Multivalued Property of Root Functions
Branching Points in Root Functions
Branch Cut of Root Functions
Riemann Surface of Root Functions

~µ�w =
√

z−1§5½0 ≤ arg(z−1) < 2π§¦w(2),
w(i), w(0), w(−i)

arg w =
1

2
arg(z−1)

arg(z−1)
∣∣
z=2

= 0 w(2)=1

C. S. Wu 1nù õ�¼ê



Root Functions
Logarithmic Functions

Other Multivalued Functions

Multivalued Property of Root Functions
Branching Points in Root Functions
Branch Cut of Root Functions
Riemann Surface of Root Functions

~µ�w =
√

z−1§5½0 ≤ arg(z−1) < 2π§¦w(2),
w(i), w(0), w(−i)

arg w =
1

2
arg(z−1)

arg(z−1)
∣∣
z=2

= 0 w(2)=1

arg(z−1)
∣∣
z=i

=
3

4
π w(i)= 4

√
2e3π i/8

C. S. Wu 1nù õ�¼ê



Root Functions
Logarithmic Functions

Other Multivalued Functions

Multivalued Property of Root Functions
Branching Points in Root Functions
Branch Cut of Root Functions
Riemann Surface of Root Functions

~µ�w =
√

z−1§5½0 ≤ arg(z−1) < 2π§¦w(2),
w(i), w(0), w(−i)

arg w =
1

2
arg(z−1)

arg(z−1)
∣∣
z=2

= 0 w(2)=1

arg(z−1)
∣∣
z=i

=
3

4
π w(i)= 4

√
2e3π i/8

arg(z−1)
∣∣
z=0

= π w(0) = eπ i/2 =i

C. S. Wu 1nù õ�¼ê



Root Functions
Logarithmic Functions

Other Multivalued Functions

Multivalued Property of Root Functions
Branching Points in Root Functions
Branch Cut of Root Functions
Riemann Surface of Root Functions

~µ�w =
√

z−1§5½0 ≤ arg(z−1) < 2π§¦w(2),
w(i), w(0), w(−i)

arg w =
1

2
arg(z−1)

arg(z−1)
∣∣
z=2

= 0 w(2)=1

arg(z−1)
∣∣
z=i

=
3

4
π w(i)= 4

√
2e3π i/8

arg(z−1)
∣∣
z=0

= π w(0) = eπ i/2 =i

arg(z−1)
∣∣
z=−i

=
5

4
π w(−i)= 4

√
2e5π i/8

C. S. Wu 1nù õ�¼ê



Root Functions
Logarithmic Functions

Other Multivalued Functions

Multivalued Property of Root Functions
Branching Points in Root Functions
Branch Cut of Root Functions
Riemann Surface of Root Functions

�ª¼êw =
√

z − a�ü�z

5½mþz − a�Ë�Cz��

5½Ë�0≤arg(z−a)<2π§
K0 ≤ arg w < π§=w���
3þ�²¡

C. S. Wu 1nù õ�¼ê



Root Functions
Logarithmic Functions

Other Multivalued Functions

Multivalued Property of Root Functions
Branching Points in Root Functions
Branch Cut of Root Functions
Riemann Surface of Root Functions

�ª¼êw =
√

z − a�ü�z

5½mþz − a�Ë�Cz��

5½Ë�0≤arg(z−a)<2π§
K0 ≤ arg w < π§=w���
3þ�²¡
3ù����e§w��gC
þz��m�3��éA'X

C. S. Wu 1nù õ�¼ê



Root Functions
Logarithmic Functions

Other Multivalued Functions

Multivalued Property of Root Functions
Branching Points in Root Functions
Branch Cut of Root Functions
Riemann Surface of Root Functions

�ª¼êw =
√

z − a�ü�z

5½mþz − a�Ë�Cz��

5½Ë�0≤arg(z−a)<2π§
K0 ≤ arg w < π§=w���
3þ�²¡
3ù����e§w��gC
þz��m�3��éA'X

5½2π ≤ arg(z − a) < 4π§
Kπ ≤ arg w < 2π§wò��
3e�²¡

C. S. Wu 1nù õ�¼ê



Root Functions
Logarithmic Functions

Other Multivalued Functions

Multivalued Property of Root Functions
Branching Points in Root Functions
Branch Cut of Root Functions
Riemann Surface of Root Functions

�ª¼êw =
√

z − a�ü�z

5½mþz − a�Ë�Cz��

5½Ë�0≤arg(z−a)<2π§
K0 ≤ arg w < π§=w���
3þ�²¡
3ù����e§w��gC
þz��m�3��éA'X

5½2π ≤ arg(z − a) < 4π§
Kπ ≤ arg w < 2π§wò��
3e�²¡
w��gCþz�qk#��
�éA'X

C. S. Wu 1nù õ�¼ê



Root Functions
Logarithmic Functions

Other Multivalued Functions

Multivalued Property of Root Functions
Branching Points in Root Functions
Branch Cut of Root Functions
Riemann Surface of Root Functions

�ª¼êw =
√

z − a�ü�z

5½mþz − a�Ë�Cz��

5½Ë�0≤arg(z−a)<2π§
K0 ≤ arg w < π§=w���
3þ�²¡
3ù����e§w��gC
þz��m�3��éA'X

5½2π ≤ arg(z − a) < 4π§
Kπ ≤ arg w < 2π§wò��
3e�²¡
w��gCþz�qk#��
�éA'X

34π ≤ arg(z − a) < 6π, 6π ≤ arg(z − a) < 8π, · · ·½ö
−2π ≤ arg(z − a) < 0, −4π ≤ arg(z − a) < −2π, · · ·�5½
e§�¬­EÑyù
(J

C. S. Wu 1nù õ�¼ê



Root Functions
Logarithmic Functions

Other Multivalued Functions

Multivalued Property of Root Functions
Branching Points in Root Functions
Branch Cut of Root Functions
Riemann Surface of Root Functions

�ª¼êw =
√

z − a�ü�©{

Ïd§��·�5½mþ�Ë�Cz��§
Ò�±òõ�¼êü�z

Ë�Cz���±Ï§�Ñõ�¼ê���
ü�©{

z�ü�©{Ñ´ü�¼ê§��õ�¼ê
Ò´§���ü�©{�oÚ

C. S. Wu 1nù õ�¼ê



Root Functions
Logarithmic Functions

Other Multivalued Functions

Multivalued Property of Root Functions
Branching Points in Root Functions
Branch Cut of Root Functions
Riemann Surface of Root Functions

�ª¼êw =
√

z − a�ü�©{

Ïd§��·�5½mþ�Ë�Cz��§
Ò�±òõ�¼êü�z

Ë�Cz���±Ï§�Ñõ�¼ê���
ü�©{

z�ü�©{Ñ´ü�¼ê§��õ�¼ê
Ò´§���ü�©{�oÚ

C. S. Wu 1nù õ�¼ê



Root Functions
Logarithmic Functions

Other Multivalued Functions

Multivalued Property of Root Functions
Branching Points in Root Functions
Branch Cut of Root Functions
Riemann Surface of Root Functions

�ª¼êw =
√

z − a�ü�©{

Ïd§��·�5½mþ�Ë�Cz��§
Ò�±òõ�¼êü�z

Ë�Cz���±Ï§�Ñõ�¼ê���
ü�©{

z�ü�©{Ñ´ü�¼ê§��õ�¼ê
Ò´§���ü�©{�oÚ

C. S. Wu 1nù õ�¼ê



Root Functions
Logarithmic Functions

Other Multivalued Functions

Multivalued Property of Root Functions
Branching Points in Root Functions
Branch Cut of Root Functions
Riemann Surface of Root Functions

�ª¼êw =
√

z − a�ü�©{

3þ¡�?Ø¥§õ�¼êw =
√

z − akü�ü
�©{§©O´w�þ�²¡Úe�²¡

0≤arg(z−a)<2π�Ñü�©{.µ 0≤arg w<π

2π≤arg(z−a)<4π�Ñü�©{/µ π≤arg w<2π

òõ�¼êy©�eZ�($�Ã¡�)ü�©
{§Ù¢�Ò´��z�Cz�ª

~X3þ¡�~f¥§Ò´��zØ�

7z = a:½∞:=�

C. S. Wu 1nù õ�¼ê



Root Functions
Logarithmic Functions

Other Multivalued Functions

Multivalued Property of Root Functions
Branching Points in Root Functions
Branch Cut of Root Functions
Riemann Surface of Root Functions

�ª¼êw =
√

z − a�ü�©{

3þ¡�?Ø¥§õ�¼êw =
√

z − akü�ü
�©{§©O´w�þ�²¡Úe�²¡

0≤arg(z−a)<2π�Ñü�©{.µ 0≤arg w<π

2π≤arg(z−a)<4π�Ñü�©{/µ π≤arg w<2π

òõ�¼êy©�eZ�($�Ã¡�)ü�©
{§Ù¢�Ò´��z�Cz�ª

~X3þ¡�~f¥§Ò´��zØ�

7z = a:½∞:=�

C. S. Wu 1nù õ�¼ê



Root Functions
Logarithmic Functions

Other Multivalued Functions

Multivalued Property of Root Functions
Branching Points in Root Functions
Branch Cut of Root Functions
Riemann Surface of Root Functions

�ª¼êw =
√

z − a�ü�©{

3þ¡�?Ø¥§õ�¼êw =
√

z − akü�ü
�©{§©O´w�þ�²¡Úe�²¡

0≤arg(z−a)<2π�Ñü�©{.µ 0≤arg w<π

2π≤arg(z−a)<4π�Ñü�©{/µ π≤arg w<2π

òõ�¼êy©�eZ�($�Ã¡�)ü�©
{§Ù¢�Ò´��z�Cz�ª

~X3þ¡�~f¥§Ò´��zØ�

7z = a:½∞:=�

C. S. Wu 1nù õ�¼ê



Root Functions
Logarithmic Functions

Other Multivalued Functions

Multivalued Property of Root Functions
Branching Points in Root Functions
Branch Cut of Root Functions
Riemann Surface of Root Functions

�ª¼êw =
√

z − a���

ù«5½�±^AÛ�{/�z/LyÑ

5µ3z²¡þ²1u¢¶lz = a:�m�

���§��òY�∞:
5½��þWarg(z−a)=0§�Ñü�©{.

5½��þWarg(z−a)=2π§�Ñü�©{/

ùü�ü�©{Üå5§Ò������
�w²¡§=��õ�¼êw

C. S. Wu 1nù õ�¼ê



Root Functions
Logarithmic Functions

Other Multivalued Functions

Multivalued Property of Root Functions
Branching Points in Root Functions
Branch Cut of Root Functions
Riemann Surface of Root Functions

�ª¼êw =
√

z − a���

ù«5½�±^AÛ�{/�z/LyÑ

5µ3z²¡þ²1u¢¶lz = a:�m�

���§��òY�∞:
5½��þWarg(z−a)=0§�Ñü�©{.

5½��þWarg(z−a)=2π§�Ñü�©{/

ùü�ü�©{Üå5§Ò������
�w²¡§=��õ�¼êw

C. S. Wu 1nù õ�¼ê



Root Functions
Logarithmic Functions

Other Multivalued Functions

Multivalued Property of Root Functions
Branching Points in Root Functions
Branch Cut of Root Functions
Riemann Surface of Root Functions

�ª¼êw =
√

z − a���

ù«5½�±^AÛ�{/�z/LyÑ

5µ3z²¡þ²1u¢¶lz = a:�m�

���§��òY�∞:
5½��þWarg(z−a)=0§�Ñü�©{.

5½��þWarg(z−a)=2π§�Ñü�©{/

ùü�ü�©{Üå5§Ò������
�w²¡§=��õ�¼êw

C. S. Wu 1nù õ�¼ê



Root Functions
Logarithmic Functions

Other Multivalued Functions

Multivalued Property of Root Functions
Branching Points in Root Functions
Branch Cut of Root Functions
Riemann Surface of Root Functions

�ª¼êw =
√

z − a���

ù«5½�±^AÛ�{/�z/LyÑ

5µ3z²¡þ²1u¢¶lz = a:�m�

���§��òY�∞:
5½��þWarg(z−a)=0§�Ñü�©{.

5½��þWarg(z−a)=2π§�Ñü�©{/

ùü�ü�©{Üå5§Ò������
�w²¡§=��õ�¼êw

C. S. Wu 1nù õ�¼ê



Root Functions
Logarithmic Functions

Other Multivalued Functions

Multivalued Property of Root Functions
Branching Points in Root Functions
Branch Cut of Root Functions
Riemann Surface of Root Functions

�ª¼êw =
√

z − a���

����^§Ò´�� z �Cz�ª

du��ë(
õ�¼ê�ü�{:§z=a

Ú∞§ÏdzØ2U
7��©{:=� (ù
�§Ó��7ü�©{:=���´#N�)

ü�©{�y©(½ö`§mþË�Cz��
�5½)Ø´���

����{õ«õ�§$�Ø7´��
����ë(
õ�¼ê�©{:§ Ó�·
�5½���ý(~XþW½eW)�mþË�
�(½ö�d/§5½3,�:�mþË��
½¼ê�)=�

C. S. Wu 1nù õ�¼ê



Root Functions
Logarithmic Functions

Other Multivalued Functions

Multivalued Property of Root Functions
Branching Points in Root Functions
Branch Cut of Root Functions
Riemann Surface of Root Functions

�ª¼êw =
√

z − a���

����^§Ò´�� z �Cz�ª

du��ë(
õ�¼ê�ü�{:§z=a

Ú∞§ÏdzØ2U
7��©{:=� (ù
�§Ó��7ü�©{:=���´#N�)

ü�©{�y©(½ö`§mþË�Cz��
�5½)Ø´���

����{õ«õ�§$�Ø7´��
����ë(
õ�¼ê�©{:§ Ó�·
�5½���ý(~XþW½eW)�mþË�
�(½ö�d/§5½3,�:�mþË��
½¼ê�)=�

C. S. Wu 1nù õ�¼ê



Root Functions
Logarithmic Functions

Other Multivalued Functions

Multivalued Property of Root Functions
Branching Points in Root Functions
Branch Cut of Root Functions
Riemann Surface of Root Functions

�ª¼êw =
√

z − a���

����^§Ò´�� z �Cz�ª

du��ë(
õ�¼ê�ü�{:§z=a

Ú∞§ÏdzØ2U
7��©{:=� (ù
�§Ó��7ü�©{:=���´#N�)

ü�©{�y©(½ö`§mþË�Cz��
�5½)Ø´���

����{õ«õ�§$�Ø7´��
����ë(
õ�¼ê�©{:§ Ó�·
�5½���ý(~XþW½eW)�mþË�
�(½ö�d/§5½3,�:�mþË��
½¼ê�)=�

C. S. Wu 1nù õ�¼ê



Root Functions
Logarithmic Functions

Other Multivalued Functions

Multivalued Property of Root Functions
Branching Points in Root Functions
Branch Cut of Root Functions
Riemann Surface of Root Functions

�ª¼êw =
√

z − a���

����^§Ò´�� z �Cz�ª

du��ë(
õ�¼ê�ü�{:§z=a

Ú∞§ÏdzØ2U
7��©{:=� (ù
�§Ó��7ü�©{:=���´#N�)

ü�©{�y©(½ö`§mþË�Cz��
�5½)Ø´���

����{õ«õ�§$�Ø7´��
����ë(
õ�¼ê�©{:§ Ó�·
�5½���ý(~XþW½eW)�mþË�
�(½ö�d/§5½3,�:�mþË��
½¼ê�)=�

C. S. Wu 1nù õ�¼ê



Root Functions
Logarithmic Functions

Other Multivalued Functions

Multivalued Property of Root Functions
Branching Points in Root Functions
Branch Cut of Root Functions
Riemann Surface of Root Functions

ùÇ�:

1 �ª¼ê

�ª¼ê�õ�5

�ª¼ê�{:

�ª¼ê�ü�z

�ª¼ê�Riemann¡

2 éê¼ê

éê¼ê�õ�5

éê¼ê�ü�z

éê¼ê�Riemann¡

3 Ù§õ�¼ê

C. S. Wu 1nù õ�¼ê



Root Functions
Logarithmic Functions

Other Multivalued Functions

Multivalued Property of Root Functions
Branching Points in Root Functions
Branch Cut of Root Functions
Riemann Surface of Root Functions

µã

� òõ�¼êy©�ü�©{§Ù`:´§ z
�ü�©{Ñ´ü�¼ê§Ï
�±�ÊÏ
�ü�¼ê@�?Ø§��)Û5

ü�¼ê�©{:´Û:§§ØéAu=�
�ü�©{

3{:NC§�Ø�3���éAu��ü
�©{���

C. S. Wu 1nù õ�¼ê



Root Functions
Logarithmic Functions

Other Multivalued Functions

Multivalued Property of Root Functions
Branching Points in Root Functions
Branch Cut of Root Functions
Riemann Surface of Root Functions

µã

� òõ�¼êy©�ü�©{§Ù`:´§ z
�ü�©{Ñ´ü�¼ê§Ï
�±�ÊÏ
�ü�¼ê@�?Ø§��)Û5

ü�¼ê�©{:´Û:§§ØéAu=�
�ü�©{

3{:NC§�Ø�3���éAu��ü
�©{���

C. S. Wu 1nù õ�¼ê



Root Functions
Logarithmic Functions

Other Multivalued Functions

Multivalued Property of Root Functions
Branching Points in Root Functions
Branch Cut of Root Functions
Riemann Surface of Root Functions

µã

� òõ�¼êy©�ü�©{§Ù`:´§ z
�ü�©{Ñ´ü�¼ê§Ï
�±�ÊÏ
�ü�¼ê@�?Ø§��)Û5

ü�¼ê�©{:´Û:§§ØéAu=�
�ü�©{

3{:NC§�Ø�3���éAu��ü
�©{���

C. S. Wu 1nù õ�¼ê



Root Functions
Logarithmic Functions

Other Multivalued Functions

Multivalued Property of Root Functions
Branching Points in Root Functions
Branch Cut of Root Functions
Riemann Surface of Root Functions

µã

� ù«y©�":´k�½�Û�5µ §��

mþ�Ë�Cz��§ÒØU^5?Ø�

'�E,�¯K

� �
�Ñù�":§,�«��(½¼ê�
�gCþ�éA'X��{´µ

5½¼êw3,�:z0��§¿²(`²z�

ëYCz´�© �z÷ù­�ëYCz�§¼
êw���ëYCz

C. S. Wu 1nù õ�¼ê



Root Functions
Logarithmic Functions

Other Multivalued Functions

Multivalued Property of Root Functions
Branching Points in Root Functions
Branch Cut of Root Functions
Riemann Surface of Root Functions

µã

� ù«y©�":´k�½�Û�5µ §��

mþ�Ë�Cz��§ÒØU^5?Ø�

'�E,�¯K

� �
�Ñù�":§,�«��(½¼ê�
�gCþ�éA'X��{´µ

5½¼êw3,�:z0��§¿²(`²z�

ëYCz´�© �z÷ù­�ëYCz�§¼
êw���ëYCz

C. S. Wu 1nù õ�¼ê



Root Functions
Logarithmic Functions

Other Multivalued Functions

Multivalued Property of Root Functions
Branching Points in Root Functions
Branch Cut of Root Functions
Riemann Surface of Root Functions

µã

� ù«y©�":´k�½�Û�5µ §��

mþ�Ë�Cz��§ÒØU^5?Ø�

'�E,�¯K

� �
�Ñù�":§,�«��(½¼ê�
�gCþ�éA'X��{´µ

5½¼êw3,�:z0��§¿²(`²z�

ëYCz´�© �z÷ù­�ëYCz�§¼
êw���ëYCz

C. S. Wu 1nù õ�¼ê



Root Functions
Logarithmic Functions

Other Multivalued Functions

Multivalued Property of Root Functions
Branching Points in Root Functions
Branch Cut of Root Functions
Riemann Surface of Root Functions

~µ�w =
√

z−1§5½w(2) = 1§?Øz÷C1½C2ë

YCz��:�§¼êw��

�z÷C1£Ä�z = 0�

∆ arg(z − 1) = π

∆ arg w =
1

2
∆ arg(z − 1) =

π

2

w(0) = eiπ/2 = i

C. S. Wu 1nù õ�¼ê



Root Functions
Logarithmic Functions

Other Multivalued Functions

Multivalued Property of Root Functions
Branching Points in Root Functions
Branch Cut of Root Functions
Riemann Surface of Root Functions

~µ�w =
√

z−1§5½w(2) = 1§?Øz÷C1½C2ë

YCz��:�§¼êw��

�z÷C1£Ä�z = 0�

∆ arg(z − 1) = π

∆ arg w =
1

2
∆ arg(z − 1) =

π

2

w(0) = eiπ/2 = i

C. S. Wu 1nù õ�¼ê



Root Functions
Logarithmic Functions

Other Multivalued Functions

Multivalued Property of Root Functions
Branching Points in Root Functions
Branch Cut of Root Functions
Riemann Surface of Root Functions

~µ�w =
√

z−1§5½w(2) = 1§?Øz÷C1½C2ë

YCz��:�§¼êw��

�z÷C1£Ä�z = 0�

∆ arg(z − 1) = π

∆ arg w =
1

2
∆ arg(z − 1) =

π

2

w(0) = eiπ/2 = i

C. S. Wu 1nù õ�¼ê



Root Functions
Logarithmic Functions

Other Multivalued Functions

Multivalued Property of Root Functions
Branching Points in Root Functions
Branch Cut of Root Functions
Riemann Surface of Root Functions

~µ�w =
√

z−1§5½w(2) = 1§?Øz÷C1½C2ë

YCz��:�§¼êw��

�z÷C1£Ä�z = 0�

∆ arg(z − 1) = π

∆ arg w =
1

2
∆ arg(z − 1) =

π

2

w(0) = eiπ/2 = i

C. S. Wu 1nù õ�¼ê



Root Functions
Logarithmic Functions

Other Multivalued Functions

Multivalued Property of Root Functions
Branching Points in Root Functions
Branch Cut of Root Functions
Riemann Surface of Root Functions

~µ�w =
√

z−1§5½w(2) = 1§?Øz÷C1½C2ë

YCz��:�§¼êw��

�z÷C2£Ä�z = 0�

∆ arg(z − 1) = −π

∆ arg w =
1

2
∆ arg(z − 1) = −π

2

w(0) = e−iπ/2 = −i

C. S. Wu 1nù õ�¼ê



Root Functions
Logarithmic Functions

Other Multivalued Functions

Multivalued Property of Root Functions
Branching Points in Root Functions
Branch Cut of Root Functions
Riemann Surface of Root Functions

~µ�w =
√

z−1§5½w(2) = 1§?Øz÷C1½C2ë

YCz��:�§¼êw��

�z÷C2£Ä�z = 0�

∆ arg(z − 1) = −π

∆ arg w =
1

2
∆ arg(z − 1) = −π

2

w(0) = e−iπ/2 = −i

C. S. Wu 1nù õ�¼ê



Root Functions
Logarithmic Functions

Other Multivalued Functions

Multivalued Property of Root Functions
Branching Points in Root Functions
Branch Cut of Root Functions
Riemann Surface of Root Functions

~µ�w =
√

z−1§5½w(2) = 1§?Øz÷C1½C2ë

YCz��:�§¼êw��

�z÷C2£Ä�z = 0�

∆ arg(z − 1) = −π

∆ arg w =
1

2
∆ arg(z − 1) = −π

2

w(0) = e−iπ/2 = −i

C. S. Wu 1nù õ�¼ê



Root Functions
Logarithmic Functions

Other Multivalued Functions

Multivalued Property of Root Functions
Branching Points in Root Functions
Branch Cut of Root Functions
Riemann Surface of Root Functions

�ª¼êw =
√

z − a�Riemann¡

µã

�æ^ù«�{§z�Cz´�ØÉ��§Ï

�±l��ü�©{$Ä�,��ü�©{

�3AÛã/þ§ù��uòü��m�z²¡

Ê�å5§l
�¤��Riemann¡ See Figure

�éu¼êw =
√

z − 1½
√

z − a5`§��
Riemann¡þ�z:Úw²¡þ�:��éA

Next Frame

C. S. Wu 1nù õ�¼ê



Root Functions
Logarithmic Functions

Other Multivalued Functions

Multivalued Property of Root Functions
Branching Points in Root Functions
Branch Cut of Root Functions
Riemann Surface of Root Functions

�ª¼êw =
√

z − a�Riemann¡

µã

�æ^ù«�{§z�Cz´�ØÉ��§Ï

�±l��ü�©{$Ä�,��ü�©{

�3AÛã/þ§ù��uòü��m�z²¡

Ê�å5§l
�¤��Riemann¡ See Figure

�éu¼êw =
√

z − 1½
√

z − a5`§��
Riemann¡þ�z:Úw²¡þ�:��éA

Next Frame

C. S. Wu 1nù õ�¼ê



Root Functions
Logarithmic Functions

Other Multivalued Functions

Multivalued Property of Root Functions
Branching Points in Root Functions
Branch Cut of Root Functions
Riemann Surface of Root Functions

�ª¼êw =
√

z − a�Riemann¡

µã

�æ^ù«�{§z�Cz´�ØÉ��§Ï

�±l��ü�©{$Ä�,��ü�©{

�3AÛã/þ§ù��uòü��m�z²¡

Ê�å5§l
�¤��Riemann¡ See Figure

�éu¼êw =
√

z − 1½
√

z − a5`§��
Riemann¡þ�z:Úw²¡þ�:��éA

Next Frame

C. S. Wu 1nù õ�¼ê



Root Functions
Logarithmic Functions

Other Multivalued Functions

Multivalued Property of Root Functions
Branching Points in Root Functions
Branch Cut of Root Functions
Riemann Surface of Root Functions

�ª¼êw =
√

z − a�Riemann¡

õ�¼êw =
√

z − a�Riemann¡ Return

C. S. Wu 1nù õ�¼ê



Root Functions
Logarithmic Functions

Other Multivalued Functions

Multivalued Property of Root Functions
Branching Points in Root Functions
Branch Cut of Root Functions
Riemann Surface of Root Functions

µã

�éu�E,�
��ª¼ê§~X
w = 3

√
z − a½ 3

√
(z − a)(z − b)§��§��

±aq/?Ø

��´I�5¿éÑõ�¼ê��Ü{:§¿
��(/(½����{

�3���¹e§���UØ��^§�Ø�
½I�^�^��r�Ü{:Ñë�å5

C. S. Wu 1nù õ�¼ê



Root Functions
Logarithmic Functions

Other Multivalued Functions

Multivalued Property of Root Functions
Branching Points in Root Functions
Branch Cut of Root Functions
Riemann Surface of Root Functions

µã

�éu�E,�
��ª¼ê§~X
w = 3

√
z − a½ 3

√
(z − a)(z − b)§��§��

±aq/?Ø

��´I�5¿éÑõ�¼ê��Ü{:§¿
��(/(½����{

�3���¹e§���UØ��^§�Ø�
½I�^�^��r�Ü{:Ñë�å5

C. S. Wu 1nù õ�¼ê



Root Functions
Logarithmic Functions

Other Multivalued Functions

Multivalued Property of Root Functions
Branching Points in Root Functions
Branch Cut of Root Functions
Riemann Surface of Root Functions

µã

�éu�E,�
��ª¼ê§~X
w = 3

√
z − a½ 3

√
(z − a)(z − b)§��§��

±aq/?Ø

��´I�5¿éÑõ�¼ê��Ü{:§¿
��(/(½����{

�3���¹e§���UØ��^§�Ø�
½I�^�^��r�Ü{:Ñë�å5

C. S. Wu 1nù õ�¼ê



Root Functions
Logarithmic Functions

Other Multivalued Functions

Multivalued Property of Logarithmic Functions
Branch Cut of Logarithmic Functions
Riemann Surface of Logarithmic Functions

ùÇ�:

1 �ª¼ê

�ª¼ê�õ�5

�ª¼ê�{:

�ª¼ê�ü�z

�ª¼ê�Riemann¡

2 éê¼ê

éê¼ê�õ�5

éê¼ê�ü�z

éê¼ê�Riemann¡

3 Ù§õ�¼ê

C. S. Wu 1nù õ�¼ê



Root Functions
Logarithmic Functions

Other Multivalued Functions

Multivalued Property of Logarithmic Functions
Branch Cut of Logarithmic Functions
Riemann Surface of Logarithmic Functions

éê¼êln z�õ�5

½Â

w = ln z�½Â´ew = z§=�½gCþz���
ê�§ �´÷vew = z�¤kw�þ¡�éê¼

êw = ln z�¼ê�

§´�ê¼êw = ez��¼ê

-w = u + iv§z = reiθ§ Ò��eu · eiv = reiθ

u = ln r = ln |z| v = θ + 2nπ (n = 0,±1,±2, · · · )

±�Òréê¼êw = ln z²(L«�

w = ln z = ln |z|+ i(θ + 2nπ) = ln |z|+ i arg z

C. S. Wu 1nù õ�¼ê



Root Functions
Logarithmic Functions

Other Multivalued Functions

Multivalued Property of Logarithmic Functions
Branch Cut of Logarithmic Functions
Riemann Surface of Logarithmic Functions

éê¼êln z�õ�5

½Â

w = ln z�½Â´ew = z§=�½gCþz���
ê�§ �´÷vew = z�¤kw�þ¡�éê¼

êw = ln z�¼ê�

§´�ê¼êw = ez��¼ê

-w = u + iv§z = reiθ§ Ò��eu · eiv = reiθ

u = ln r = ln |z| v = θ + 2nπ (n = 0,±1,±2, · · · )

±�Òréê¼êw = ln z²(L«�

w = ln z = ln |z|+ i(θ + 2nπ) = ln |z|+ i arg z

C. S. Wu 1nù õ�¼ê



Root Functions
Logarithmic Functions

Other Multivalued Functions

Multivalued Property of Logarithmic Functions
Branch Cut of Logarithmic Functions
Riemann Surface of Logarithmic Functions

éê¼êln z�õ�5

½Â

w = ln z�½Â´ew = z§=�½gCþz���
ê�§ �´÷vew = z�¤kw�þ¡�éê¼

êw = ln z�¼ê�

§´�ê¼êw = ez��¼ê

-w = u + iv§z = reiθ§ Ò��eu · eiv = reiθ

u = ln r = ln |z| v = θ + 2nπ (n = 0,±1,±2, · · · )

±�Òréê¼êw = ln z²(L«�

w = ln z = ln |z|+ i(θ + 2nπ) = ln |z|+ i arg z

C. S. Wu 1nù õ�¼ê



Root Functions
Logarithmic Functions

Other Multivalued Functions

Multivalued Property of Logarithmic Functions
Branch Cut of Logarithmic Functions
Riemann Surface of Logarithmic Functions

éê¼êln z�õ�5

½Â

w = ln z�½Â´ew = z§=�½gCþz���
ê�§ �´÷vew = z�¤kw�þ¡�éê¼

êw = ln z�¼ê�

§´�ê¼êw = ez��¼ê

-w = u + iv§z = reiθ§ Ò��eu · eiv = reiθ

u = ln r = ln |z| v = θ + 2nπ (n = 0,±1,±2, · · · )

±�Òréê¼êw = ln z²(L«�

w = ln z = ln |z|+ i(θ + 2nπ) = ln |z|+ i arg z

C. S. Wu 1nù õ�¼ê



Root Functions
Logarithmic Functions

Other Multivalued Functions

Multivalued Property of Logarithmic Functions
Branch Cut of Logarithmic Functions
Riemann Surface of Logarithmic Functions

éê¼êln z�õ�5

w = ln z = ln |z|+ i(θ + 2nπ) = ln |z|+ i arg z

C. S. Wu 1nù õ�¼ê



Root Functions
Logarithmic Functions

Other Multivalued Functions

Multivalued Property of Logarithmic Functions
Branch Cut of Logarithmic Functions
Riemann Surface of Logarithmic Functions

éê¼êln z�õ�5

w = ln z = ln |z|+ i(θ + 2nπ) = ln |z|+ i arg z

w = ln zµ�½��z�§kÃ¡õ�w�

C. S. Wu 1nù õ�¼ê



Root Functions
Logarithmic Functions

Other Multivalued Functions

Multivalued Property of Logarithmic Functions
Branch Cut of Logarithmic Functions
Riemann Surface of Logarithmic Functions

éê¼êln z�õ�5

w = ln z = ln |z|+ i(θ + 2nπ) = ln |z|+ i arg z

w = ln z�´õ��

õ�5�5
´mþzË

��õ�5

õ�5�LyK´¼ê

�w�JÜ

éAz��z�§kÃ¡
õ�w�§§��¢Ü�
Ó§JÜ��2π��ê�

w = ln zµ�½��z�

kÃ¡õ�w�

C. S. Wu 1nù õ�¼ê



Root Functions
Logarithmic Functions

Other Multivalued Functions

Multivalued Property of Logarithmic Functions
Branch Cut of Logarithmic Functions
Riemann Surface of Logarithmic Functions

éê¼êln z�õ�5

w = ln z = ln |z|+ i(θ + 2nπ) = ln |z|+ i arg z

w = ln z�´õ��

õ�5�5
´mþzË

��õ�5

õ�5�LyK´¼ê

�w�JÜ

éAz��z�§kÃ¡
õ�w�§§��¢Ü�
Ó§JÜ��2π��ê�

w = ln zµ�½��z�

kÃ¡õ�w�

C. S. Wu 1nù õ�¼ê



Root Functions
Logarithmic Functions

Other Multivalued Functions

Multivalued Property of Logarithmic Functions
Branch Cut of Logarithmic Functions
Riemann Surface of Logarithmic Functions

éê¼êln z�õ�5

w = ln z = ln |z|+ i(θ + 2nπ) = ln |z|+ i arg z

w = ln z�´õ��

õ�5�5
´mþzË

��õ�5

õ�5�LyK´¼ê

�w�JÜ

éAz��z�§kÃ¡
õ�w�§§��¢Ü�
Ó§JÜ��2π��ê�

w = ln zµ�½��z�

kÃ¡õ�w�

C. S. Wu 1nù õ�¼ê



Root Functions
Logarithmic Functions

Other Multivalued Functions

Multivalued Property of Logarithmic Functions
Branch Cut of Logarithmic Functions
Riemann Surface of Logarithmic Functions

éê¼êln z�õ�5

w = ln z = ln |z|+ i(θ + 2nπ) = ln |z|+ i arg z

w = ln z�´õ��

õ�5�5
´mþzË

��õ�5

õ�5�LyK´¼ê

�w�JÜ

éAz��z�§kÃ¡
õ�w�§§��¢Ü�
Ó§JÜ��2π��ê�

w = ln zµ�½��z�

kÃ¡õ�w�

C. S. Wu 1nù õ�¼ê



Root Functions
Logarithmic Functions

Other Multivalued Functions

Multivalued Property of Logarithmic Functions
Branch Cut of Logarithmic Functions
Riemann Surface of Logarithmic Functions

ùÇ�:

1 �ª¼ê

�ª¼ê�õ�5

�ª¼ê�{:

�ª¼ê�ü�z

�ª¼ê�Riemann¡

2 éê¼ê

éê¼ê�õ�5

éê¼ê�ü�z

éê¼ê�Riemann¡

3 Ù§õ�¼ê

C. S. Wu 1nù õ�¼ê



Root Functions
Logarithmic Functions

Other Multivalued Functions

Multivalued Property of Logarithmic Functions
Branch Cut of Logarithmic Functions
Riemann Surface of Logarithmic Functions

éê¼êln z�{:���

w = ln z = ln |z|+ i(θ + 2nπ) = ln |z|+ i arg z

{:´z = 0Ú∞
���ë�0�∞§¿5
½���ý�arg z�§=
��w = ln z�ü�©{

w = ln zkÃ¡õ�ü�

©{

z�ü�©{S§Ñk
d

dz
(ln z) =

1

z

w = ln zµ�½��z�

kÃ¡õ�w�

C. S. Wu 1nù õ�¼ê



Root Functions
Logarithmic Functions

Other Multivalued Functions

Multivalued Property of Logarithmic Functions
Branch Cut of Logarithmic Functions
Riemann Surface of Logarithmic Functions

éê¼êln z�{:���

w = ln z = ln |z|+ i(θ + 2nπ) = ln |z|+ i arg z

{:´z = 0Ú∞
���ë�0�∞§¿5
½���ý�arg z�§=
��w = ln z�ü�©{

w = ln zkÃ¡õ�ü�

©{

z�ü�©{S§Ñk
d

dz
(ln z) =

1

z

w = ln zµ�½��z�

kÃ¡õ�w�

C. S. Wu 1nù õ�¼ê



Root Functions
Logarithmic Functions

Other Multivalued Functions

Multivalued Property of Logarithmic Functions
Branch Cut of Logarithmic Functions
Riemann Surface of Logarithmic Functions

éê¼êln z�{:���

w = ln z = ln |z|+ i(θ + 2nπ) = ln |z|+ i arg z

{:´z = 0Ú∞
���ë�0�∞§¿5
½���ý�arg z�§=
��w = ln z�ü�©{

w = ln zkÃ¡õ�ü�

©{

z�ü�©{S§Ñk
d

dz
(ln z) =

1

z

w = ln zµ�½��z�

kÃ¡õ�w�

C. S. Wu 1nù õ�¼ê



Root Functions
Logarithmic Functions

Other Multivalued Functions

Multivalued Property of Logarithmic Functions
Branch Cut of Logarithmic Functions
Riemann Surface of Logarithmic Functions

éê¼êln z�{:���

w = ln z = ln |z|+ i(θ + 2nπ) = ln |z|+ i arg z

{:´z = 0Ú∞
���ë�0�∞§¿5
½���ý�arg z�§=
��w = ln z�ü�©{

w = ln zkÃ¡õ�ü�

©{

z�ü�©{S§Ñk
d

dz
(ln z) =

1

z

w = ln zµ�½��z�

kÃ¡õ�w�

C. S. Wu 1nù õ�¼ê



Root Functions
Logarithmic Functions

Other Multivalued Functions

Multivalued Property of Logarithmic Functions
Branch Cut of Logarithmic Functions
Riemann Surface of Logarithmic Functions

ùÇ�:

1 �ª¼ê

�ª¼ê�õ�5

�ª¼ê�{:

�ª¼ê�ü�z

�ª¼ê�Riemann¡

2 éê¼ê

éê¼ê�õ�5

éê¼ê�ü�z

éê¼ê�Riemann¡

3 Ù§õ�¼ê

C. S. Wu 1nù õ�¼ê



Root Functions
Logarithmic Functions

Other Multivalued Functions

Multivalued Property of Logarithmic Functions
Branch Cut of Logarithmic Functions
Riemann Surface of Logarithmic Functions

éê¼êln z�Riemann¡

w = ln z�Riemann¡´Ã¡õ��

õ�¼êw = ln z�Riemann¡

C. S. Wu 1nù õ�¼ê



Root Functions
Logarithmic Functions

Other Multivalued Functions

Ù § õ � ¼ ê

C. S. Wu 1nù õ�¼ê



Root Functions
Logarithmic Functions

Other Multivalued Functions

�n�¼êÚ����¼ê

arcsin z =
1

i
ln

(
iz+

√
1−z2

)
arccos z =

1

i
ln

(
z+

√
z2−1

)
arctan z =

1

2i
ln

1 + iz

1− iz
zα = eα ln z (α�?¿Eê)

�Ñ´õ�¼ê

ØL´éê¼ê½éê¼ê��ª¼ê�|Ü§
Ïd§��õ�5�±�âùü«Ä��õ�¼

ê5?Ø
C. S. Wu 1nù õ�¼ê



Root Functions
Logarithmic Functions

Other Multivalued Functions

�n�¼êÚ����¼ê

arcsin z =
1

i
ln

(
iz+

√
1−z2

)
arccos z =

1

i
ln

(
z+

√
z2−1

)
arctan z =

1

2i
ln

1 + iz

1− iz
zα = eα ln z (α�?¿Eê)

�Ñ´õ�¼ê

ØL´éê¼ê½éê¼ê��ª¼ê�|Ü§
Ïd§��õ�5�±�âùü«Ä��õ�¼

ê5?Ø
C. S. Wu 1nù õ�¼ê


	Outline
	¸ùÊ½º¯Êý
	Multivalued Property of Root Functions
	Branching Points in Root Functions
	Branch Cut of Root Functions
	Riemann Surface of Root Functions

	¶ÔÊýº¯Êý
	Multivalued Property of Logarithmic Functions
	Branch Cut of Logarithmic Functions
	Riemann Surface of Logarithmic Functions

	ÆäËü¶àÖµº¯Êý



