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�49� �XY,éê�+:Z[

1. d\� l �]^I�� S �+_`¶a2STdb (x = 0) cv2ddb (x = l)

� 12.1

>a�Le8fgh F �"ijjHk (l% 12.1) P> t = 0

72mn(h F PU��a�opgqrs�LM�Wtuv
�IwuvP

2. >xy{2z{{��|}~g(2]C>{���´
����MPR>[¦7���[¦��{�´����{�

�+����7���?�{��� u(r, t) 2�i��{��@'
� αu(r, t) 2α��
*�PUA� u(r, t)qrs��ïNLMP

3. �\� l �+_�a2���Cnb�>[¦7����
[¦I�NO���� q1 · q2 PU��ß��WtuvP

4. �d¨�� a �'I������2����� (l%
12.2) 2>����}�[¦I�82[¦7���´�� M P6
72�I� Newton � v¡}� (¼¢yh£¤ã�¥�� 0) P
U>¦��JK!{��WtuvP � 12.2

�4�� §¨©è�éêëª:

1. ,�}¶«¬�ïNLM��D�
(1)

∂2u

∂x2
− 2

∂2u

∂x∂y
− 3

∂2u

∂y2
= 0; (2)

∂2u

∂x2
− 2

∂2u

∂x∂y
+ 2

∂2u

∂y2
= 0;

(3)
∂2u

∂x2
− 2

∂2u

∂x∂y
= 0; (4)

∂2u

∂t2
=
c2

r2
∂

∂r

(

r2
∂u

∂r

)

, c 6= 0;

(5)
(

a2 − b2
) ∂2u

∂x2
+ 2a

∂2u

∂x∂t
+
∂2u

∂t2
= 0, b 6= 0;

(6)
∂4u

∂x4
− ∂4u

∂y4
= 0.

2. ,�}¶«¬�ïNLM��D�
(1)

∂2u

∂x2
+
∂2u

∂y2
= x2 + xy; (2)

∂2u

∂x2
− ∂2u

∂y2
= xy − x;

(3)
∂2u

∂x2
− 2

∂2u

∂x∂y
+
∂2u

∂y2
= x2 + y.

3. ,D�ïNLM�
(1) x2 ∂

2u

∂x2
− 2xy

∂2u

∂x∂y
+ y2 ∂

2u

∂y2
+ x

∂u

∂x
+ y

∂y

∂y
= 0;
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(2)
∂2u

∂x2
− ∂2u

∂y2
=

(

x2 − y2
)

sinxy.

4. ,�ïNLM
∂

∂x

[

(

1 − x

l

)2 ∂u

∂x

]

− 1

a2

(

1 − x

l

)2 ∂2u

∂t2
= 0

��D2B®d¯,��>Iwuv
u
∣

∣

t=0
= φ(x),

∂u

∂t

∣

∣

∣

t=0
= ψ(x)

�DP

�4¯� �°	±í

1. \� l �nbcv�+_²2Iw72²³gÕ3%
14.1 2´jHklµ¶·¸P,D¿�JP

2. \� 2l �+_a2nbfh�"iNO¹º{ αl P
t = 0 7mn(hP,D¿a�opg�JP

3. ,D�a�A��JPa\ l 2nb (x = 0, l) +»¼�½�2Iw¥�N¾� u
∣

∣

t=0
= b

x(l − x)

l2
P � 14.1

4. d+_¿e6¶�`¶ÀÁ2 0 ≤ x ≤ l, 0 ≤ y ≤ l 2ØhÂÃPIw¦f� Axy(l −
x)(l − y) 2IwÄ�� 0 P,DÁ�]pgP

5. ,D�
∂2u

∂x2
+
∂2u

∂y2
= 0,

u
∣

∣

x=0
= u0, u

∣

∣

x=a
= u0y,

∂u

∂y

∣

∣

∣

y=0
= 0,

∂u

∂y

∣

∣

∣

y=b
= 0,

C{�ST*�P
6. ,D�

∂2u

∂t2
− a2 ∂

2u

∂x2
= bx(l − x),

u
∣

∣

x=0
= 0, u

∣

∣

x=l
= 0,

u
∣

∣

t=0
= 0,

∂u

∂t

∣

∣

∣

t=0
= 0.

7. ,DÅÆîÇÅ 1 JP
8. d�\a2 x = 0 bcv2 x = l bfhAh A sinωt �"P,D¿a�opg�JP

RI¦f�IÄ�+� 0 P
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9. >É&�� 0 ≤ x ≤ a, −b/2 ≤ y ≤ b/2 {,D�
(1) ∇2u = −2, (2) ∇2u = −x2y,

u >Wt8��\+� 0 P
10. U,�vD�JÀD�

∂2u

∂t2
− a2 ∂

2u

∂x2
= 0,

u
∣

∣

x=0
= cos

π

l
at,

∂u

∂x

∣

∣

∣

x=l
= 0,

u
∣

∣

t=0
= cos

π

l
x,

∂u

∂t

∣

∣

∣

t=0
= sin

π

2l
x.

11. ,D�vD�J�
∂u

∂t
− κ

∂2u

∂x2
= 0,

u
∣

∣

x=0
= A exp

{

− α2κt
}

, u
∣

∣

x=l
= B exp

{

− β2κt
}

,

u
∣

∣

t=0
= 0.

12. �ÊËxy�Ì�Í�dvÎt\72{���ÓÏ7�i�Ð2�ÑÒÓxyÔÕP�Ö�k�`ÔÕ�×��MPUØ�ÊËxy�ÎtÌ�P{���rs��ïNLM
lÅÆîÇÅ 2 J2ÙvWtuv�«¬�Åd"WtuvP

�4Ð� ÚÛÜÝÞßà

1. de¨�� a �ÛÜ\áâA�§ã2N¢n¨2�ß¸äPd¨åæ� V 2dd
¨åæ� −V P,ã��åæN¾P

2. ¨�� a �'Iç��+_��§ã2H·>$82fjè�éê2>����}�
[¦I�8[¦ëì��´��� M 2672ãI� Newton � v¡e(}�PU,ã�
�ív¥�N¾Py(t¥�� 0 2BR§ã�ÛÜ\P

3. ,>î&�� a ≤ r ≤ b �rsWtuv
u
∣

∣

r=a
= f(φ), u

∣

∣

r=b
= g(φ)

�ï���P
4. >§� 0 ≤ x2 + y2 ≤ a2 8,D�
(1)







∇2u = −4,

u
∣

∣

x2+y2=a2
= 0;

(2)







∇2u = −4y,

u
∣

∣

x2+y2=a2
= 0;

(3)







∇2u = −4xy,

u
∣

∣

x2+y2=a2
= 0;

(4)







∇2u = −4(x+ y),

u
∣

∣

x2+y2=a2
= 0.
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5. de¤ðñA�ò¢�ÛÜ\óAô2C^I+_23% 15.1 q(Pô��õáP
ÙvdeHI (B%{�du�W) �åæ� V 2CöI8
�åæ+� 0 PU,óAô��åæN¾P

6. ,D���vD�J�
∂u

∂t
− κ

r2
∂

∂r

(

r2
∂u

∂r

)

= 0,

u
∣

∣

r=0
�t, u

∣

∣

r=1
= A exp

{

− (pπ)2κt
}

,

u
∣

∣

t=0
= 0.

ÁÂ�1

r2
∂

∂r

(

r2
∂u

∂r

)

≡ 1

r

∂2(ru)

∂r2
. � 15.1

�4æ� ÷
�

(>�¿J{2 k, l +�ø¶�)

1. FG�
∫ 1

x

Pk(x)Pl(x)dx =
(

1−x2
) P′

k(x)Pl(x)−P′
l(x)Pk(x)

k(k + 1)−l(l+ 1)
, k 6= l.

2. ���N
∫ 1

−1

(1 + x)kPl(x)dx,

ù&NOab k ≥ l � k, l núû&P
3. ����N�
(1)

∫ 1

−1

Pl(x) ln(1 − x)dx; (2)

∫ 1

−1

Pl(x)(1 − x)−αdx, 0 < α < 1.

4. ü Legendre ^Ù?�ý¢��FG�
(1) Pl(−1/2) =

2l
∑

k=0

Pk(−1/2)P2l−k(1/2); (2) Pl(cos 2θ) =

2l
∑

k=0

(−)kPk(cos θ)P2l−k(cos θ).

5. ����N�
(1)

∫ 1

0

Pk(x)Pl(x)dx; (2)

∫ 1

−1

xPl(x)Pl+1(x)dx;

(3)

∫ 1

−1

x2Pl(x)Pl+2(x)dx; (4)

∫ 1

−1

[

xPl(x)
]2

dx;

6. Ó�v�> [−1, 1] 8���� Legendre ^Ù?ÔÕ�
(1) f(x) = x2; (2) f(x) =

√
1 − 2xt+ t2;

(3) f(x) = |x| ; (4) f(x) =
1

2

[

x+ |x|
]

.
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7. ,Dáâ�þ��vD�J�
∇2u = 0, a < r < b,

u
∣

∣

r=a
= u0, u

∣

∣

r=b
= u0cos2θ.

8. ,D���vD�J�
∇2u = 0, 0 < r < a, 0 < θ < π,

u
∣

∣

r=0
�t, u

∣

∣

r=a
= u0η(α − θ).

9. ,DÅÆîÇÅ 4 JP
10. dÿw���+_�}2 x = 0 bcv>_Ä�������	
� ω ���

(x = l) �������������������� ��!"�#$%�&'()�*&
%�+#%,-�&'()!./�0�12345���

∂2u

∂t2
− ω2

2

∂

∂x

[

(

l2 − x2
)∂u

∂x

]

= 0,

u
∣

∣

x=0
= 0, u

∣

∣

x=l67,
u
∣

∣

t=0
= φ(x),

∂u

∂t

∣

∣

∣

t=0
= ψ(x).

895#45:;�
11. <6=>� a �?@=A�ABCD�EF u0 �GBCD� 0 �9=AH�I4

CDJK�
12. 6=>� b �LM?@AN�HOP6QR

S�S�=>� a �S TA �U�S�VWXY�ZY[� Q �9AH�Y\JK�
13. ]�^_F`Aa_F Ym

l (θ, φ) bcd
(1) sin2θcos2φ; (2)

(

1 + cos θ
)

sin θ cosφ.

14. =>��VW?@A�eBCD�d
(1) u

∣

∣

r=a
= P1

1(cos θ) cosφ; (2) u
∣

∣

r=a
=P1(cos θ) sin θ cosφ.

89fAH�I4CDJK�
15.
95AH:;d

∇2u = A+Br2 sin 2θ cosφ,

u
∣

∣

r=a
= 0,

gh
A, B �ijEF�
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1. tud
(1) cosx = J0(x)−2J2(x)+2J4(x)− +· · · , (2) x = 2

[

J1 + 3J3(x) + 5J5(x) + · · ·
]

;

sinx = 2J1(x)−2J3(x)+2J5(x)− +· · · ;

(3) x2 = 2
∞
∑

n=1

(2n)2J2n(x); (4) J2
0(x) + 2

∞
∑

n=1

J2
n(x) = 1.

2. ]_F f(θ) = cos(x sin θ) v g(θ) = sin(x sin θ) bc� Fourier wF�
3. xy�^zJd
(1)

∫ x

0

x−nJn+1(x)dx; (2)

∫ a

0

x3J0(x)dx;

(3)

∫ t

0

J0

(
√

x(t− x)
)

dx; (4)

∫ t

0

[
√

x(t− x)
]n

Jn

(
√

x(t − x)
)

dx.

4. =>� R �R{|�}~�4���{������B
u
∣

∣

t=0
= A

(

1 − r2

R2

)

{���� 0 �95R|�./�:;�
5.
95�^45:;d

∂u

∂t
− κ

[1

r

∂

∂r

(

r
∂u

∂r

)

+
1

r2
∂2u

∂φ2

]

= 0,

u
∣

∣

r=067, u
∣

∣

r=a
= 0,

u
∣

∣

t=0
= u0 sin 2φ.

6. �� π �=>� 1 �R�{?@��@��Bv��G�CDV��� 0 ���0�@H�CDJK� f(r) sin z �9�@HCD�JKT���
7. � R��H=>� a ��=>� b ���H��B�CD� 0 ��<�@� h �

��G����C� u0 �9�@HCD�JKT���
8. =>� R �R{��}~�4���(�[�����
(1) f(r, t) = A sinωt, (2) f(r, t) = A

(

1 − r2

R2

)

sinωt

�!"�95R|���/��<�( T��DV� 0 �
9. xy�^zJd
(1)

∫ 1

0

√
1 − x sin

(

a
√
x
)

dx, a > 0; (2)

∫ ∞

0

e−axJ0

(
√
bx

)

dx, a > 0, b ≥ 0;

(3)

∫ ∞

0

e−axJν(bx)xν+1dx, ν > −1, a > 0, b > 0;
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(4)

∫ ∞

0

exp
{

− a2x2
}

Jν(bx)xν+1dx, ν > −1, a > 0, b > 0.

10. ?@A�=>� a ��C�EF u0 �ABCD� 0 �9AHCD�JKv���
11. xyzJd
(1)

∫ ∞

0

e−ax/2 sin bx I0

(ax

2

)

dx,

∫ ∞

0

e−ax/2 cos bx I0

(ax

2

)

dx,
gh

a > 0, b > 0 ¥
(2)

∫ ∞

0

J0(αx)K0(βx)xdx, α > 0, Re β > 0.

12. �� h �=>� a �R�@���G��CD� 0 �¦�BCD� u0 sin
2π

h
z �9�

@H�I4CDJK�§¨©4��Gª��&BJ«� z = h v z = 0 �
13. ]�^_F� t = 0 �¬H! Taylor bcd
(1)

1

z
sin

√
z2 + 2zt �®4 √

z2 + 2zt
∣

∣

∣

t=0
= z;

(2)
1

z
cos

√
z2 − 2zt �®4 √

z2 − 2zt
∣

∣

∣

t=0
= z;

(3)
1

z
sinh

√
z2 − 2izt �®4 √

z2 − 2izt
∣

∣

∣

t=0
= z;

(4)
1

z
cosh

√
z2 + 2izt �®4 √

z2 + 2izt
∣

∣

∣

t=0
= z.

14.
9�R�{vR{¯°�±7=>�

mn²p ³´µ¶·¸¹

1. ]�^12�� Sturm–Liouville º12�»¼{½d
(1) x

d2y

dx2
+ 2

dy

dx
+ (x+ λ)y = 0; (2) x(1 − x)

d2y

dx2
+ (a− bx)

dy

dx
− λy = 0;

(3) x
d2y

dx2
+ (1 − x)

dy

dx
+ λy = 0; (4)

d2y

dx2
− 2x

dy

dx
+ 2λy = 0.

2.
95¾¿À:;d

1

r

d

dr

(

r
dR

dr

)

+
λ

r2
R = 0,

R(a) = 0, R(b) = 0,
gh

b > a > 0 �
3. <6¾¿À:;

d

dx

[

p(x)
dy

dx

]

+
[

λρ(x) − q(x)
]

y = 0,

y(b) = α11y(a) + α12y
′(a),

y′(b) = α21y(a) + α22y
′(a),



W
u 

C
ho

ng
-s

hi

k l
23

gh
p(a) = p(b) �8tu�+

∣

∣

∣

∣

∣

∣

α11 α12

α21 α22

∣

∣

∣

∣

∣

∣

= 1

0�-ÁÂÃ¾¿À�¾¿_FÄÅ�
4. <¾¿À:;

∇2Φ + λΦ = 0,

Φ
∣

∣

Σ
= 0

�5 (¾¿_F) � Φk �-Á�¾¿À� λk �§¨� k Æ¾¿À�ÇÈ�8tud+ λ = 0

ÂÆ¾¿À0� Poisson 12�ÉÊ}À:;
∇2u = −f,

u
∣

∣

Σ
= 0

�5�
u =

∑

k

Ak

λk
Φk,

Ak ÆËÌÍÎ f ` {Φk} bc�ÏF�
f =

∑

k

AkΦk.

§¨Ð< Φk iÑ��
5. "É 4 ;�1Ò95Ó{Ô 0 ≤ x ≤ a, 0 ≤ y ≤ b H Poisson 12�45:;

∂2u

∂x2
+
∂2u

∂y2
= −f(x, y),

u
∣

∣

x=0
= 0, u

∣

∣

x=a
= 0,

u
∣

∣

y=0
= 0, u

∣

∣

y=b
= 0.

mnÕp Ö³µ×

1. " Laplace
�Ø95=Ù7:;d

∂u

∂t
− κ

∂2u

∂x2
= 0, x > 0, t > 0,

u
∣

∣

x=0
= u0, u

∣

∣

x→∞67, t > 0,

u
∣

∣

t=0
= 0, x > 0.

2. <6ÚQ=Ù7Û�CDJ«� 0 v u0 �� t = 0 0]ÚÛ�Ü,L�
9

t > 0 0ÛhÝÜ�CDJK�
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3. ß" Laplace
�Ø95ÉàáâÉ 11 ;�

4. " Fourier
�Ø1Ò95�Ù7ã����/ä:;

∂2u

∂t2
− a2 ∂

2u

∂x2
= f(x, t),

u
∣

∣

t=0
= φ(x),

∂u

∂t

∣

∣

∣

t=0
= ψ(x).

5. " Fourier
�Ø1Ò95å�Ù7&B���

�/ä:;
∂2u

∂t2
− a2

[

∂2u

∂x2
+
∂2u

∂y2

]

= 0,

u
∣

∣

t=0
= φ(x, y),

∂u

∂t

∣

∣

∣

t=0
= ψ(x, y).

6. =Ù7ã x ≥ 0 �æç�&'�è�<� t > 0 0 x = 0 �!éê/ä A sinωt �89
ã�

ÝÜ�ëä�
7. YìíîhEïðñò��óYôõ ö>÷øõ�ù�ÚúÆÚQÙûLü

�ö> (<� a) Ã��Rø�gY\J«� V0 v −V0 �9øH�óY\�ýþdÿ����� u
∣

∣

r=a
= V0e

−k|z|sgn z ��� Fourier �	
���� k → 0 �

m�np
Green

rs�·

1. (1) "Y�Ò9fAH Laplace 12ÉÊ}À:;� Green _F G(r; r
′) ¥

(2)
9f}7B (AB r = a) �ÝÜ���Y��D σ(θ, φ) ¥

(3) tu�Y�v��Y��AH��ö�¥
(4) tuAH Laplace 12ÉÊ}À:;

∇2u = 0,

u
∣

∣

r=a
= f(θ, φ)

�5Æ
u(r, θ, φ) =

a
(

a2 − r2
)

4π

∫ 2π

0

[
∫ π

0

f(θ′, φ′)
(

a2 + r2 − 2ar cosψ
)3/2

sin θ′dθ′
]

dφ′,

gh
ψ Æ r(r, θ, φ)

T
r′(r′, θ′, φ′) ����

cosψ = cos θ cos θ′ + sin θ sin θ′ cos
(

φ− φ′
)

.

2. Ù��ã� t = t0 0� x = x0

ç�ð�0�����[� I �895ã�./ä�
<�( v��DV� 0 �

3. " Green _F1Ò5Ù7ã�./ä:;�45:;�
∂2u

∂t2
− a2 ∂

2u

∂x2
= 0,
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u
∣

∣

t=0
= φ(x),

∂u

∂t

∣

∣

∣

t=0
= ψ(x).

4. Ú��4�ã��� l � t = t0 0"$� �ã� x = x0 Ü�!"#ç$"�[ I �95ã�./ä�<�( v��DV� 0 �
5. " Green _F1Ò5ÉàáâÉ 6 ;�
6. " 20.5%h95&�Ù7�'(ä12 Green_F�1Ò�9�)?12� Green_

F�

m�n*p µ³·+,

1. -f!�^._©úÀ� Euler–Lagrange12�/95d
(1)

∫ x1

x0

√

1 + y2y′2dx; (2)

∫ x1

x0

(

y2 + y′
2)

dx;

(3)

∫ x1

x0

x

x+ y′
dx; (4)

∫ x1

x0

√
1 + x

√

1 + y′2dx.
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T =

∫ (x1,y1)

(x0,y0)

ds

v
=

1

c

∫ (x1,y1)

(x0,y0)

nds.
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(1) n = k(x+ 1); (2) n = k
√
y;

(3) n =
k

2x+ 3
; (4) n =

k

y
;

(5) n = key; (6) n = k
√
x+ y;

(7) n = kr−1/2; (8) n =
k

r
.gh

k V�ijEF� r2 = x2 + y2 �
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∇2u+ λu = 0,
[

αu + β
∂u

∂n

]

Σ

= 0
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6. " Rayleigh–Ritz 1Ò9f
y′′ + λy = 0,

y(−1) = 0, y(1) = 0
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(1) y = c1

(

1 − x2
)

+ c2x
(

1 − x2
) ¥ (2) y = c1

(

1 − x2
)

+ c2x
2
(

1 − x2
) �
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(1)

∂2u

∂x2
+ 2

∂2u

∂x∂y
− 3

∂2u

∂y2
+ 2

∂u

∂x
+ 6

∂u

∂y
= 0;

(2)
∂2u

∂x2
+ 4

∂2u

∂x∂y
+ 5

∂2u

∂y2
+
∂u

∂x
+ 2

∂u

∂y
= 0;

(3)
∂2u

∂x2
+ y

∂2u

∂y2
+

1

2

∂u

∂y
= 0;

(4)
(

1 + x2
)∂2u

∂x2
+

(

1 + y2
)∂2u

∂y2
+ x

∂u

∂x
+ y

∂u

∂y
= 0;

(5) tan2x
∂2u

∂x2
− 2y tanx

∂2u

∂x∂y
+ y2∂

2u

∂y2
+ y2 ∂u

∂y
= 0.

(6)
∂2u

∂x2
− 2 sinx

∂2u

∂x∂y
− cos2x

∂2u

∂y2
− cosx

∂u

∂y
= 0.
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(1) tud��Ø

u(x, y) = e−(ax+by)v(x, y)

��12
∇2u+ 2a

∂u

∂x
+ 2b

∂u

∂y
= 0

�� Helmholtz 12
∇2v −

(

a2 + b2
)

v = 0,gh
a, b �EF¥
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∂2u

∂x2
− ∂2u

∂y2
+ 2a

∂u

∂x
+ 2b

∂u

∂y
= 0
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(3) <612
a
∂2u

∂x2
+ 2b

∂2u

∂x∂y
+ c

∂2u

∂y2
+ d

∂u

∂x
+ e

∂u

∂y
+ fu =

∂u

∂t
,

gh
a, b, c, d, e, f �EF�c b2 − ac 6= 0 �tud��Ø

u(x, y, t) = eαx+βy+γtv(x, y, t)

���! v(x, y, t) de12
a
∂2v

∂x2
+ 2b

∂2v

∂x∂y
+ c

∂2v

∂y2
=
∂v

∂t
.
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∂2u

∂t2
− a2 ∂

2u

∂x2
= 0,

u
∣

∣

x−at=0
= φ(x), u

∣

∣

x+at=0
= ψ(x),

gh
φ(x), ψ(x) de φ(0) = ψ(0) �
4. �(ä12

∂2u

∂t2
− a2 ∂

2u

∂x2
= 0h" iy fg at �hWij"ð Laplace 12; 4�À6:;

∂2u

∂x2
+
∂2u

∂y2
= 0,

u
∣

∣

y=0
= φ(x),

∂u

∂y

∣

∣

∣

y=0
= ψ(x)

;{½5�
u =

1

2

[

φ(x + iy) + φ(x − iy)
]

+
1

2i

∫ x+iy

x−iy

ψ(ξ)dξ.

(1) k
φ(x) = x, ψ(x) = e−x,l�"
u(x, y) = x+ e−x sin y.mt§Qen½ççde Laplace 12�ode y = 0 0; 4��6��¥

(2) pq
φ(x) =

1

1 + x2
, ψ(x) = 0,l{½5��

u(x, y) =
1 + x2 − y2

(

1 + x2 − y2
)2

+ 4x2y2
.

tud§Q_F� (0, ±1) ÜÂrs�t#�uv�§XÜ��/Âde Lpalace 12�
§8ud�wxy�� Laplace 12; 4�À6:;Ù5�


