
 ¡¢£¤¥¦§¨

,- (20 1)

1. (2) (4 1)

2. (4) (4 1)

3. (4) (4 1)

4. (4) (4 1)

5. (1) (4 1)

~- (10 1)©ª
1
�«

u(x, y)
P¬­1

du(x, y) =
∂u

∂x
dx +

∂u

∂y
dy =

∂v

∂y
dx − ∂v

∂x
dy

= − 2xy

(x2 + y2)2
dx +

x2 − y2

(x2 + y2)2
dy,Z1�

u(x, y) =
y

x2 + y2
+ C.

�� f(z) F����P37O��3�®¯° y = 0 ±�
u(x, y) = 0,²³´µ�«

C = 0.¶·�
f(z) =

y + ix

x2 + y2

=
iz∗

zz∗
=

i

z
.

∂u

∂x
(2 1)

∂u

∂y
(2 1)

�«
u(x, y) (2 1)Z1¸3 C = 0 (2 1)¹º��«

f(z) (2 1)©ª
2 »¼¹º½« f(z):

v(x, y) =
x

x2 + y2
=

1

2

z + z∗

zz∗

=
1

2

[

1

z∗
+

1

z

]

4



=
1

2i

[

i

z∗
+

i

z

]

=
1

2i

[

i

z
−

(

i

z

)∗]

=
f(z) − f∗(z)

2i²³´µ»¼¾¿
f(z) =

i

z
. (�À 5 Á�ÂÁ 2 1)

�- (20 1)

ln
z − 1

z + 1
= ln

1 − 1

z

1 +
1

z

=

∞
∑

n=1

(−)n−1

n

[(

−1

z

)n

−
(

1

z

)n]

=

∞
∑

n=1

(−)n−1

n
[(−)n − 1]

(

1

z

)n

= −2
∞
∑

n=0

1

2n + 1

(

1

z

)2n+1

, |z| > 1.

�ÃÄ«ÅU (3 1)Æ71ÇÈÉ (3 1)

ln

(

1 − 1

z

) ��
(4 1)

ln

(

1 +
1

z

) ��
(4 1)

¹º
(4 1)ÊËÌÍ
(2 1)

�- (1) (20 1)ÎÍÏO�ÐÑ�ÒÓG�Z1
∮

1

(z2 + 1)(z2 − 2z cos θ + 1)
dz.ÔÕh3�Ö×

∮

1

(z2 + 1)(z2 − 2z cos θ + 1)
dz

=

∫ R

−R

1

(x2 + 1)(x2 − 2x cos θ + 1)
dx

+

∫

CR

∮

1

(z2 + 1)(z2 − 2z cos θ + 1)
dz

= 2πi
∑

ØÙÚÛ res
1

(z2 + 1)(z2 − 2z cos θ + 1)

5



= 2πi

[

1

(z2 + 1)(z2 − 2z cos θ + 1)
F z = i

Ph3
+

1

(z2 + 1)(z2 − 2z cos θ + 1)
F z = eiθ

Ph3]

.µ·�� ÜZ43F z = i
Ph3 =

1

2i(−2i cos θ)

=
1

4 cos θ
,ÜZ43F z = eiθ

Ph3 =
1

(ei2θ + 1)2i sin θ

=
1

2 cos θ(cos θ + i sin θ)2i sin θ

= −i
cos θ − i sin θ

4 cos θ sin θ

= −i
1

4 sin θ
− 1

4 cos θ
.Ý±�:O

lim
z→∞

z · 1

(z2 + 1)(z2 − 2z cos θ + 1)
= 0,ÔÕÞÑßàÖ�×

lim
R→∞

1

(z2 + 1)(z2 − 2z cos θ + 1)
dz = 0.áâ�Àãä�Îåæ R → ∞

�ç¾¿
∫ ∞

−∞

1

(x2 + 1)(x2 − 2x cos θ + 1)
dx =

π

2 sin θ
.

Z1ÍÏ (2 1)ÜZ43 (2 1)h3�Ö (3 1)èW
i éh3�� (4 1)èW
eiθ éh3�� (4 1)ÞÑßàÖ (2 1)

ãä (3 1)

�- (2) (20 1)

ÎÍÏêë
8.7
�ÒÓG�Z1

∮

eiz

z(z2 + 4)
dz.ÔÕh3�Ö×

∮

eiz

z(z2 + 4)
dz =

∫ −δ

−R

eix

x(x2 + 4)
dx +

∫

Cδ

eiz

z(z2 + 4)
dz

=

∫ R

δ

eix

x(x2 + 4)
dx +

∫

CR

eiz

z(z2 + 4)
dz

6



= 2πi
e−2

−8

= −πi

4
e−2.:O

lim
z→∞

1

z(z2 + 4)
= 0,ÔÕ

Jordan
àÖ�×

lim
R→∞

∫

CR

eiz

z(z2 + 4)
dz = 0.ì:O

lim
z→0

z · eiz

z(z2 + 4)
=

1

4
,ÔÕíÑßàÖ�×

lim
δ→0

∫

Cδ

eiz

z(z2 + 4)
dz = −πi

4
.áâ�Àãä�Îåæ R → ∞, δ → 0

�ç¾¿
∫ ∞

−∞

eix

x(x2 + 4)
dx =

πi

4

(

1 − e−2
)

.îï���ç¾¿ðñãä
∫ ∞

−∞

sin x

x(x2 + 4)
dx =

π

4

(

1 − e−2
)

.

Z1ÍÏ (2 1)ÜZ43 (2 1)h3�Ö (3 1)èW
z = 2i éh3�� (4 1)íÑßàÖ��� (4 1)ÞÑß� Jordan

àÖ
(2 1)

ãä (3 1)�- (10 1)

F (p) =
1

π

∫ π

0

p

p2 + cos2θ
dθ

=
1

2π

∫ 2π

0

p

p2 + cos2θ
dθ

=
1

2π

∮

|z|=1

p

p2 +
1

4
(z + z−1)

2

dz

iz

=
4p

2πi

∮

|z|=1

z

z4 + 2(2p2 + 1)z2 + 1
dz.

Ä�� ζ = z2
���

z òó�P |z| = 1 ,ô�O ζ òó�P |ζ| = 1 õô�¶·
F (p) =

4p

2πi

∮

|ζ|=1

1

ζ2 + 2(2p2 + 1)ζ + 1
dζ

= 4p × 1

ζ2 + 2(2p2 + 1)ζ + 1
FÆöÑLPh3X.

7



1

ζ2 + 2(2p2 + 1)ζ + 1

PèW5
ζ =

−2(2p2 + 1) ±
√

4(2p2 + 1)2 − 4

2

= −(2p2 + 1) ± 2p
√

p2 + 1,¶· 1

ζ2 + 2(2p2 + 1)ζ + 1
FÆöÑL÷×,øèW�

ζ = −(2p2 + 1) + 2p
√

p2 + 1,ù�5,úåW�h3O
1

2ζ + 2(2p2 + 1)

∣

∣

∣

∣

ζ=−(2p2+1)+2p
√

p2+1

=
1

4p
√

p2 + 1
.

ðñç¾¿
F (p) =

1
√

p2 + 1
.

cosωt
P

Laplace
��

(2 1)�OûÆöÑ |z| = 1
PZ1 (2 1)

Ä�� ζ = z2 (1 1)èWéh3�� (2 1)

ã ä (2 1)rsüý; (Rep > 0) (1 1)

8


